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1 Introduction

This manual briefly describes the solution methods implemented in Mefisto as
well as the formulations of the more sophisticated elements, the vortex lattice
method and the splines. This information may be useful if you are interested
in a deeper understanding of the theoretical background of Mefisto, especially
if you want to modify or extend Mefisto.
The Mefisto software is a companion software of the graduate courses on
structural dynamics and on aeroelasticity. A detailed description of the theory
is given in the lecture notes of these courses which can be found at  http://
wandinger.userweb.mwn.de/index.html.
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2 Methods in Solid Mechanics

2.1 Notation

Vectors and Matrices

Vectors are printed in bold, e.g.  n,  ex. This notation is used in computations
that do not use a coordinate system.
Matrices are indicated by letters in brackets, e.g.  [K],  [u]. Matrices that con-
tain the coordinates of a vector with respect to the coordinate system are in-
dicated by bold letters in brackets, e.g. matrix [n] contains the coordinates of
vector n with respect to a coordinate system. If there are several coordinate
systems, a right lower index indicates the coordinate system the coordinates
within the matrix refer to, e.g. matrix [v]L contains the coordinates of vector v
with respect to a local coordinate system denoted by L.
The transpose of a matrix is indicated by superscript  T and the conjugate
transpose by superscript H, e.g. [X]T or [U]H.

Degrees of Freedom

• Index G denotes global degrees of freedom.
• Index L denotes local degrees of freedom.
• Index P denotes prescribed degrees of freedom.
• Index D denotes dependent degrees of freedom.
• Index I denotes the independent degrees of freedom.
• Index A denotes autonomous degrees of freedom.
• The set of global degrees of freedom contains mxdofpnt degrees of free-

dom for each nodal point. mxdofpnt is the maximum number of degrees
of freedom at a nodal point. It depends on the dimension of the problem
and the elements used.

• The displacements at prescribed degrees of freedom are prescribed.
They are used to model bearings.

• The displacements at local degrees of freedom are unknown. They are
obtained as results of the analysis.

• The displacements at dependent degrees of freedom can be computed
from a linear relation between the displacements at a subset of the in-
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dependent degrees of freedom. The independent degrees of freedom
are all degrees of freedom that are not dependent: I=G ∖D ,G=I∪D  

• Those independent degrees of freedom that are involved in linear con-
straints are called autonomous degrees of freedom: A⊂ I

• To simplify notation, the index G is omitted where no confusion can oc-
cur.

2.2 Static Response

In a linear static analysis, the equation to be solved reads
[ K ] [ u ]=[ l ] (2.2-1)

where [K] is the stiffness matrix, [u] is the displacement matrix and [l] is the
load matrix.
The displacement matrix [u] can be partitioned into the the matrix [uP] of pre-
scribed displacements and the matrix [uL] of local displacements. Accordingly,
the load matrix [l] is partitioned into the matrix [lP] of reaction loads due to the
prescribed displacements, and the matrix [lL] of the loads applied at the local
degrees of freedom.
Then, Equation (2.2-1) reads

[ [K L L ] [K L P ]
[K L P ]T [K P P ]][ [ uL ]

[ uP ]]=[ [l L ]
[ lP ]] . (2.2-2)

The prescribed displacements [uP] and the loads [lL] applied at the local de-
grees of freedom are known, whereas the local displacements [uL] and the re-
action loads [lP] are unknown.
The local displacements can be obtained from the first row of equation (2.2-2)
reading

[K L L ] [uL ]=[ lL ]−[ K L P ] [ uP ] . (2.2-3)
Subsequently, the reaction loads can be computed from the second row of
Equation (2.2-3) reading 

[l P ]=[ K L P ]T [uL ]+ [ K P P ] [uP ] . (2.2-4)

The strain energy is computed from 

E S= 1
2 [u ]T [ K ] [u ] . (2.2-5)

Finally, the residual is computed from 
[ r ]= [ K ] [u ]−[ l ] . (2.2-6)

2 Methods in Solid Mechanics 16/11/24
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The work of the residual, 

W R=1
2 [u ]T [ r ] , (2.2-7)

should be small compared to the strain energy.

2.3 Normal Modes

Normal modes are solutions of the general eigenvalue problem 

[ K L L ] [ x L ]=ω2 [ M L L ] [ x L ] (2.3-1)

where [KLL] is the stiffness matrix and [MLL] is the mass matrix. Both the stiff-
ness and the mass matrix are sparse symmetric matrices that are at least
positive semi-definite.
If the structure has no rigid body modes the stiffness matrix is positive defin-
ite. Then, its Cholesky factor [LLL] can be computed and used to factorize it: 

[K L L ]=[LL L ] [LL L ]T (2.3-2)

Equation (2.3-1) then reads 

[ LL L ] [ LL L ]T [ xL ]=ω2 [ M L L ] [ LL L ]−T [ LL L ]T [ x L ] . (2.3-3)

With the substitution 

[ yL ]=[ LL L ]T [ xL ] (2.3-4)

the standard symmetric eigenvalue problem 
1
ω2 [ yL ]= [ LL L ]−1 [ M L L ] [ LL L ]−T [ yL ] (2.3-5)

is obtained.
If the structure has rigid body modes the stiffness matrix can be partitioned
according to 

[ K L L ]=[ [ K E E ] [ K E R ]
[ K K R ]T [ K R R ]] (2.3-6)

where index E denotes elastic and index R rigid degrees of freedom. The ri-
gid degrees of freedom are selected such that the structure has no rigid body
modes if the displacements at the rigid degrees of freedom are required to be
zero. Then, matrix [KEE] is positive definite.
The rigid degrees of freedom can be detected automatically by performing a
LU-decomposition of matrix [KLL] and looking at the diagonal elements of the
upper triangular factor [Wandinger, 1990].
The matrix 
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[~X R ]=[ [K E E ]−1 [ K E R ]
−[ I RR ] ] (2.3-7)

where [IRR] is a unit matrix satisfies 

[K L L ] [~XR ]=[ [0 ]
[K E R

T ] [ K E E ]−1 [ K E R ]−[K R R ] ]=[[ 0 ]
[ 0 ] ] , (2.3-8)

i.e. its columns are rigid body modes. The last identity in Equation (2.3-8) fol-
lows from the fact that the equation 

[ K L L ] [ x L ]=[ 0 ] (2.3-9)
must have as many non-trivial solutions as there are rigid body modes.
The rigid body modes can be orthonormalized with respect to the mass matrix
using the Cholesky factor [CM] of the rigid body mass matrix: 

[~X R ]T [ M L L ] [~XR ]= [ M R R ]=[C M ]T [C M ] (2.3-10)

The rigid body modes 

[ XR ]= [~XR ] [C M ]−1 (2.3-11)

satisfy 

[XR ]T [ M L L ] [ XR ]= [C M ]−T [~XR ]T [ M L L ] [~XR ] [C M ]=[ I R R ] . (2.3-12)

Now, let  [XE] be a matrix whose columns span a complement of the space
spanned by the rigid body modes [XR]. Then, each displacement vector can
be expressed as a linear combination of the columns of [XR] and the columns
of [XE]: 

[ xL ]=[ XR ] [ x R ]+ [X E ] [ x E ]=[ [ XR ] [X E ] ] [ [ x R ]
[ x E ]]= [T ] [[ x R ]

[ x E ]] (2.3-13)

A congruence transformation of the eigenvalue problem (2.3-1) using matrix
[T] results in 

[ [0R R ] [0RE ]
[0E R ] [X E ]T [K L L ] [ X E ]][ [ xR ]

[ xE ]]
=ω2[ [ I R R ] [ XR ]T [ M L L ] [ XE ]

[XE ]T [ M L L ] [ X R ] [ X E ]T [ M L L ] [ XE ]][ [ xR ]
[ xE ]] .

(2.3-14)

Now, if  a matrix  [XE] is selected that is mass-orthogonal on the rigid body
modes [XR], i.e.

[ XR ]T [ M L L ] [ XE ]=[ 0 ] , (2.3-15)

2 Methods in Solid Mechanics 16/11/24
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 then the following decoupled equations are obtained: 
[0 ]=ω2 [ x R ] (2.3-16)

[ XE ]T [ K L L ] [ XE ] [ x E ]=ω2 [ XE ]T [ M L L ] [ XE ] (2.3-17)

Matrix [XE] is not uniquely defined by Equation (2.3-15). Thus it can be selec-
ted such that the sparsity of the matrices is not destroyed. To this end, let 

[ J L E ]=[ [ I E E ]
[0R E ]] . (2.3-18)

The columns of this matrix are linearly independent of the rigid body modes
because the latter  have non-zero values at  the rigid  degrees of  freedom.
Mass-orthogonalizing matrix [JLE] with respect to the rigid body modes results
in 

[ XE ]=( [ I L L ]−[ XR ] [ XR ]T [ M L L ] ) [ J L E ] . (2.3-19)

It is easy to check that this matrix satisfies Equation (2.3-15).
With [XE] defined by Equation (2.3-19) the transformed stiffness matrix reads 

[ XE ]T [ K L L ] [ XE ]=[J E E ]T [ K L L ] [ J E E ]= [K E E ] (2.3-20)

which is a sparse matrix. Transformation of the mass matrix yields

[ XE ]T [M L L ] [ X E ]=[ J L E ]T [ M L L ] ( [ I L L ]−[ X R ] [ X R ]T [M L L ] ) [J L E ] . (2.3-21)

With Equations (2.3-20) and (2.3-21), the eigenvalue problem (2.3-17) reads 

[ K E E ] [ x E ]=ω2 [J L E ]T [ M L L ] ( [ I L L ]−[ X R ]T [X R ] [ M L L ] ) [ J L E ] [ x E ] . (2.3-22)

With the Cholesky factor [LEE] of matrix [KEE], the substitution 

[ yE ]= [ LE E ]T [ x E ] (2.3-23)

results in the standard symmetric eigenvalue problem
1
ω2 [ yE ]= [ LE E ]−1 [ J L E ]T [ M L L ] ( [ I L L ]− [XR ]T [ XR ] [M L L ] ) [J L E ] [ LE E ]−T [ yE ] . (2.3-24)

The eigenvalue problems (2.3-1) respectively (2.3-22) can be solved by func-
tion eigs where the power step is performed according to Equations (2.2-5)
respectively  (2.3-24).  The  result  is  the  eigenvectors  [yL] respectively  [yE].
Then the eigenvectors [xL] can be computed from 

[ xL ]=[ LL L ]−T [ yL ] (2.3-25)

respectively 

[ xL ]=( [ I L L ]− [XR ] [ XR ]T [M L L ] ) [ J L E ] [LE E ]−T [ yE ] . (2.3-26)

2 Methods in Solid Mechanics 16/11/24
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Finally, the eigenvectors are normalized with respect to the mass matrix.

2.4 Frequency Response

The dynamic equation of a linear structure reads
[ M ] [ü ( t )]+ [ D ] [ u̇( t )]+ [ K ] [u (t )]=[ l ( t )] (2.4-1)

where [M]  is the mass matrix,  [D] is the damping matrix,  [K] is the stiffness
matrix and [l] is the load matrix.
The load matrix can be expressed as a linear combination of load patterns [lk]
with time-dependent coefficients ϕk (t):

[ l (t )]=∑
k

[l k ]ϕk( t ) (2.4-2)

In case of a harmonic excitation, the response is harmonic, too. In complex
notation, the load matrix and the displacement matrix read

[ l (t )]=ℜ ( [L (Ω)]e iΩ t ) , [u (t ) ]=ℜ ( [U (Ω)]e iΩ t ) . (2.4-3)

Inserting of (2.4-3) into (2.4-1) gives

(−Ω2 [ M ]+iΩ [ D ]+ [ K ] ) [U (Ω) ]=[ L(Ω)] . (2.4-4)

From this equation, the response [U] can be computed for any excitation fre-
quency Ω.
In  Mefisto,  load  patterns  correspond to  load  cases.  In  one  frequency  re-
sponse analysis,  only  one load case can be processed. Actually,  function
mfs_freqresp solves the equation 

(−Ω2 [ M ]+iΩ [ D ]+ [ K ] ) [U (Ω) ]=[ Lk ] . (2.4-5)

In partitioned form, Equation (2.4-5) reads 

(−Ω2 [ [ M L L ] [ M L P ]
[ M L P ]T [ M P P ] ]+iΩ[ [D L L ] [ D L P ]

[ D L P ]T [ D P P ] ]+[ [ K L L ] [ K L P ]
[ K L P ]T [ K P P ]])[ [U L ]

[U P ]]=[ [ LL ]
[ LP ]] (2.4-6)

where the subscript k has been omitted.
In case of a force excitation, the loads [LL] are given and the displacements
[UP] are zero. The unknown displacements [UL] are obtained from 

(−Ω2 [ M L L ]+iΩ [ D L L ]+ [K L L ] ) [U L(Ω)]=[ LL ] . (2.4-7)

In case of a base motion excitation, the displacements [UP] are given and the
loads [LL] are zero. The unknown displacements [UL] are obtained from 

2 Methods in Solid Mechanics 16/11/24
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(−Ω2 [M L L ]+iΩ [ D L L ]+ [ K L L ] ) [U L(Ω)]
=−(−Ω2 [ M L P ]+iΩ [ DL P ]+ [ K L P ] ) [U P(Ω)] .

(2.4-8)

In Mefisto, force excitation and base motion excitation cannot be mixed within
one load case.
The base motion can be defined by prescribed displacements, prescribed ve-
locities or prescribed accelerations. A frequency dependence of these values
cannot be defined. However, constant prescribed velocities or accelerations
will of course result in frequency dependent prescribed displacements.

2.4.1 Direct Frequency Response Analysis

In a direct  frequency response analysis, Equations  (2.4-7) and  (2.4-8) are
solved for each excitation frequency. The strain energy is computed from

E S= 1
4 [U ]H [ K ] [U ] . (2.4-9)

Actually, this is the mean value of the strain energy, taken over one period.
The residual is computed from 

[RL(Ω)]=(−Ω2 [M L L ]+iΩ [DL L ]+ [K L L ] ) [U L(Ω)]−[ LL ] (2.4-10)

and 

[RL(Ω)]=(−Ω2 [ M L L ]+iΩ [ DL L ]+ [K L L ] ) [U L(Ω)]
+ (−Ω2 [ M L P ]+iΩ [DL P ]+ [ K L P ] ) [U P(Ω)]

(2.4-11)

respectively.  The work of the residual

W R=1
4 [U L ]H [ RL ] (2.4-12)

should be small compared to the strain energy.

2.4.2 Modal Frequency Response Analysis

In a modal frequency response analysis, the response is approximated by a
superposition of the computed normal modes.
In case of a force excitation, the displacements are approximated by 

[U L ]≈ [U L
p ]=∑

n=1

p

[ x n ]Q n= [X p ] [U ] p (2.4-13)

where [xn] are the eigenvectors of 

[K L L ] [ x n ]=ωn
2 [M L L ] [ xn ] (2.4-14)

2 Methods in Solid Mechanics 16/11/24
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and 

[X p ]=[ [x 1 ] … [ x p ] ] , [U ] p= [Q 1 … Q p ]T . (2.4-15)

Currently,  all  types of  damping that  can be defined in  Mefisto result  in  a
modal damping matrix. Thus, insertion of (2.4-13) into (2.4-7) and subsequent
projection onto the eigenvectors leads to p uncoupled equations 

(−Ω2+2 i D nωnΩ+ωn
2 )Q n= [ x n ]T [ LL ] , n=1,… p (2.4-16)

where 

Dn=
[x n ]T [D L L ] [ x n ]

2ωn
(2.4-17)

are the modal damping ratios.
The solution of Equation (2.4-16) is

Q n(Ω)=
[ x n ]T [ LL ]

ωn
2−Ω2+2 i DnωnΩ

=Gn [ x n ]T [LL ] (2.4-18)

where 

G n=
1

ωn
2−Ω2+2 i D nωnΩ

= 1
4π2

1
f n

2− f 2+2 i Dn f n f
. (2.4-19)

The strain energy can be computed from 

E S= 1
4∑n=1

p

ωn
2|Qn|2 . (2.4-20)

In case of a base motion excitation, first the base motion is computed from 

[U L
B ]=−[ K L L ]−1 [ K L P ] [U P ] . (2.4-21)

It describes the static response to the prescribed displacements.
If  the structure has rigid body modes, the solution of  Equation  (2.4-21) is
made unique by the additional constraint

[ XR ]T [M L L ] [U L
B ]=[0 ] (2.4-22)

where matrix [XR] contains the rigid body modes.
Then, the motion relative to the base motion is approximated by a superposi-
tion of the computed eigenvectors. Thus, the displacements [UL] are approx-
imated by

2 Methods in Solid Mechanics 16/11/24
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[U L ]≈ [U L
p ]=[UL

B ]+ [X p ] [U ] p . (2.4-23)

Insertion  of  (2.4-23) into  (2.4-8) and  subsequent  projection  on  the  eigen-
vectors leads to the p uncoupled equations 

(−Ω2+2 iΩωn Dn+ωn
2 )Q n=Ω2 [x n ]T ( [ M L L ] [U L

B ]+ [M L P ] [U P ] )
−iΩ [ xn ]T ( [DL L ] [UL

B ]+ [ D L P ] [U P ] ) , n=1,… p
(2.4-24)

If the damping is defined by modal damping ratios Dn , the relation 

[ xn ]T [ DL L ]=2ωn Dn [ xn ]T [ M L L ] (2.4-25)

is used.
The strain energy contains a contribution from the base motion: 

E S= 1
4 ([UB ]H [ K ] [U B ]+∑

n=1

p

ωn
2|Q n|2) (2.4-26)

2.4.3 Enhanced Modal Reduction

The accuracy of the modal reduction can be improved if the static response of
the neglected modes is added: 

[U L ]=[U L
p ]+ [ΔU L ] (2.4-27)

If the structure does not have rigid body modes, it is easy to compute the cor-
rection term. In case of a force excitation, it is obtained from 

[ K L L ] [ΔU L ]=[ LL ]−[ M L L ] [X p ] [X p ]T [ LL ] . (2.4-28)

It does not depend on the excitation frequency.
In case of a base motion excitation, first matrix 

[Y L ]=−[ [M L L ] [ M L P ] ] [ [U L
B ]

[U P ]] (2.4-29)

is computed. Then, the equation 

[ K L L ] [ Z L ]= [Y L ]− [ M L L ] [X p ] [X p ]T [Y L ] (2.4-30)

is solved for [ZL]. This matrix does not depend on the excitation frequency. Fi-
nally, the frequency dependent correction is 

[ΔU L ]=Ω2 [ ZL ] . (2.4-31)

If the structure has rigid body modes, the solution of Equations (2.4-28) and
(2.4-30) is made unique by the additional constraint 

2 Methods in Solid Mechanics 16/11/24
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[ XR ]T [M L L ] [ΔU L ]=[ 0 ] (2.4-32)

where matrix [XR] contains the rigid body modes.

2.5 Transient Response

The dynamic equation of a linear structure reads
[ M ] [ü ( t )]+ [ D ] [ u̇( t )]+ [ K ] [u (t )]=[ l ( t )] (2.5-1)

where [M]  is the mass matrix,  [D] is the damping matrix,  [K] is the stiffness
matrix and [l] is the load matrix. In partitioned form, Equation (2.5-1) reads 

[M L L ] [ ü L ]+ [ D L L ] [ u̇L ]+ [K L L ] [uL ]= [lL ]− [K L P ] [uP ]− [ DL P ] [ u̇P ]− [M L P ] [ üP ] (2.5-2)
and 

[M L P ]T [ üL ]+ [ M P P ] [ üP ]+ [ D L P ]T [ u̇L ]+ [D P P ] [ u̇P ]+ [ K L P ]T [uL ]+ [ K P P ] [ uP ]=[ lP ] . (2.5-3)

Equation (2.5-2) is a system of coupled linear differential equations of second
order the solution of which yields the displacement matrix [uL ] . Subsequently,
the reaction loads [l P ]  can be determined from Equation (2.5-3).

The load matrix [l L ]  and the matrix of prescribed displacements [ uP ]  can be
expressed as a linear combination of load patterns with time-dependent coef-
ficients: 

[ lL( t )]=∑
k

[l Lk ]ϕk (t )

[uP( t )]=∑
k

[ uPk ]ψk (t )
(2.5-4)

In Mefisto, load patterns are defined by load cases. The time-dependent coef-
ficients are assigned to the load patterns in the transient response analysis.
In contrast to a frequency response analysis, in a transient response analysis
several load patterns can be combined. It is also possible to combine pre-
scribed  forces  with  prescribed  displacements.  If  displacements  are  pre-
scribed, also the first and second derivatives of the functions ψk (t )  must be
defined.

2.5.1 Direct Transient Response Analysis

In a direct transient response analysis, Mefisto uses the Newmark method to
solve Equation (2.5-2).

Let  [uL
n ]=[u L(nΔ t)] ,  [ u̇L

n ]=[ u̇L(nΔ t )]  and  [ üL
n ]=[ üL(nΔ t )] .  The displacements

[uL
0 ]  and the velocities  [ u̇L

0 ]  are known from the initial conditions. The initial
accelerations [ üL

0 ]  can be computed from the initial conditions (see p. 15).

2 Methods in Solid Mechanics 16/11/24
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The Newmark algorithm [Newmark, 1959] uses the following approach for the
displacements and velocities at time tn+1 : 

[ u̇L
n+1 ]=[ u̇L

n ]+((1−β) [ üL
n ]+β [ üL

n+1 ] )Δ t

[uL
n+1 ]=[uL

n ]+ [ u̇L
n ]Δ t +( 1

2−α) [ ün
L ]+α [ üL

n+1 ]Δ t 2 (2.5-5)

Together with Equation  (2.5-2), applied at time  tn+1  , the following equations
are obtained to compute the displacements, velocities and accelerations at
time tn+1 (cf. [Bathe, 1996]):

1. Compute the coefficients
a0=

1
αΔ t2 , a1=

β
αΔ t , a2=

1
αΔ t , a3=

1
2α−1

a 4=
β
α−1 , a5=

Δ t
2 (a4−1) , a6=(1−β)Δ t , a7=βΔ t

2. Compute and factorize the dynamic stiffness matrix:
[K L L

D ]=a0 [ M L L ]+a1 [ D L L ]+ [ K L L ]= [U L L ] [LL L ]
3. Compute the right-hand side:

[RL
n+1 ]=[ l L

n+1 ]− [ K L P ] [uP
n+1 ]−[ D L P ] [ u̇P

n+1 ]−[ M L P ] [ üP
n+1 ]

+ [M L L ] (a0 [uL
n ]+a2 [ u̇L

n ]+a3 [ üL
n ])

+ [DL L ] (a1 [uL
n ]+a4 [ u̇L

n ]+a5 [ üL
n ] )

4. Solve for the displacements:
[uL

n+1 ]=[U L L ]−1 [ LL L ]−1 [RL
n+1 ]

5. Compute accelerations and velocities:
[ üL

n+1 ]=a0 ( [u L
n+1 ]− [uL

n ])−a2 [ u̇L
n ]−a3 [ üL

n ]
[ u̇L

n+1 ]=[ u̇L
n ]+a6 [ü L

n ]+a 7 [ üL
n+1 ]

With the standard values α = 0.25 and β = 0.5 the algorithm is unconditionally
stable.

The initial accelerations [ üL
0 ]  could be obtained from 

[M L L ] [ üL
0 ]=[ lL

0 ]− [ K L P ] [uP
0 ]−[ D L P ] [ u̇P

0 ]−[ M L P ] [ üP
0 ]−[ D L L ] [ u̇L

0 ]− [K L L ] [uL
0 ] . (2.5-6)

Unfortunately,  however,  the  mass  matrix  [M L L ]  may  be  singular  so  that
Equation (2.5-6) cannot be solved. This problem can be circumvented by the
following approach which is implemented in Mefisto:

First, intermediate results [uL
I ] ,  [ u̇L

I ]  and [ üL
I ]  are computed with a time step

Δ τ=γΔ t  where  0<γ≤1  (default:  γ = 0.1).  This computation is performed
with β = 1 and α = 0.5. With these values of the Newmark parameters, the ini-
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tial accelerations are not needed.
Subsequently, using the given value of parameter β,  the initial accelerations
are obtained by solving the first of Equations (2.5-5) for [ üL

0 ] :

[ üL
0 ]= 1

(1−β)Δ τ ( [u̇ L
I ]− [ u̇L

0 ])− β
1−β [ üL

I ] (2.5-7)

2.5.2 Modal Transient Response Analysis

In a modal transient response analysis, the response is approximated by a
superposition of the computed normal modes.
If there are prescribed displacements, first the base motion is computed from 

[uLk
B ]=−[ K L L ]−1 [ K L P ] [ uPk ] . (2.5-8)

The base motion describes the static response to the prescribed displace-
ments.
If the structure has rigid body modes, the solution of Equation (2.5-8) is made
unique by the additional constraint 

[ XR ]T [ M L L ] [uLk
B ]=[ 0 ] (2.5-9)

where matrix [XR] contains the rigid body modes.
The motion relative to the base motion is approximated by a superposition of
the computed eigenvectors, i.e. 

[uL(t )]≈ [u L
p (t )]=∑

k
[uLk

B ]ψk ( t )+ [X p ] [q (t )] (2.5-10)

with 

[X p ]=[ [ x 1 ] … [ x p ] ] , [ u ] p=[q1 … q p ]T (2.5-11)

where [ xn ] , n=1 ,... , p  are the computed eigenvectors (cf. Equations (2.4-14)
and (2.4-15)).
Insertion  of  (2.5-10) into  (2.5-2) and  subsequent  projection  on  the  eigen-
vectors leads to the p uncoupled equations 

q̈ n(t )+2ωn Dn q̇ n(t )+ωn
2 q n(t )= [x n ]T∑

k
[l Lk ] ϕk (t )

−[ x n ]T∑
k

( [M L L ] [u Lk
B ]+ [ M L P ] [uPk ] ) ψ̈k( t )

−[ x n ]T∑
k

( [DL L ] [uLk
B ]+ [D L P ] [uPk ] ) ψ̇k ( t )

(2.5-12)

where Dn are the modal damping ratios and ωn the circular eigenfrequencies.
If the damping is defined by modal damping ratios Dn, the equation 
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[ xn ]T [DL L ]=2ωn Dn [ xn ]T [ M L L ] (2.5-13)

is used. In case of Rayleigh damping, the modal damping ratios of the elastic
modes are obtained from 

Dn=
1
2 (αKωn+

αM
ωn ) . (2.5-14)

The rigid body modes, if any, are assumed to be undamped.
As in the case of the direct transient response analysis, the Newmark method
is used to solve the system of equations (2.5-12). The initial conditions of the
modal coordinates qn are obtained from the initial displacements and velocit-
ies by 

q n
0=[ xn ]T ( [u L

0 ]−∑
k

[uLk
B ]ψk

0) (2.5-15)

and 

q̇ n
0=[ xn ]T ( [u̇ L

0 ]−∑
k

[uLk
B ] ψ̇k

0). (2.5-16)

The initial modal accelerations [ q̈n
0 ]  are obtained from Equation (2.5-12) ap-

plied at t = 0 and solved for the accelerations.

2.5.3 Enhanced Modal Reduction

The accuracy of the modal reduction can be improved if the modal basis is
supplemented by a set of static mode shapes that ensure that the static re-
sponse can be represented exactly.
First, the load patterns are collected into a single matrix 

[ P L ]= [ [l L 1 ] … [lL l ] − [M L L ] [uL 1
B ] … − [ M L L ] [u L m

B ]] . (2.5-17)

Then, static displacements are obtained from 

[ K L L ] [U L
S ]=[ P L ] . (2.5-18)

If the structure has rigid body modes, the static displacements are given by 

[U L
S ]=[ [U E

S ]
[0 ] ] (2.5-19)

where 

[ K E E ] [U E
S ]= [ J E ]T ( [ PL ]−[ M L L ] [ X R ] [ X R ]T [ P L ] ) (2.5-20)

(cf. section 2.3).
Next, a set of vectors that are mass-orthogonal to the normal modes is com-
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puted from 

[~X S ]= [U L
S ]−[X p ] [X p ]T [ M L L ] [U L

S ] . (2.5-21)

Subsequently, the projected eigenvalue problem 

[~X S ]T [K L L ] [~X S ] [q S ]=[~X S ]T [M L L ] [~X S ] [qS ] [ΩS ]2 (2.5-22)

is solved for [qS ] . Finally, the static mode shapes are obtained from 

[X S ]= [~X S ] [q S ] . (2.5-23)

The static mode shapes have the following properties:

1. [X p ]T [ M L L ] [X S ]= [0 ] , [ X p ]T [ K L L ] [X S ]= [0 ]

2. [X S ]T [ M L L ] [ X S ]= [ I ] , [X S ]T [K L L ] [X S ]= [ΩS ]2  where [ΩS ]  is a diagonal mat-
rix.

Thus, the augmented modal basis [ [X ] [X S ] ]  has the same properties as the
original modal basis. The static solution is contained in the span of this basis.

2.6 Estimation of Reduction Error

The accuracy of the solution obtained with a modal frequency response ana-
lysis can be assessed by looking at the error of the strain energy. This error
reads 

Δ E Sp= 1
4 ( [U L ]H [ K L L ] [U L ]−[U L

p ]H [ K L L ] [U L
p ]) . (2.6-1)

In case of force excitation, the error without static correction is

Δ E Sp= 1
4 ∑

n= p+1

N

ωn
2|Q n|

2= 1
4 ∑

n=p+1

N

|H n|
2( [ x n ]T [LL ]

ωn
)

2

(2.6-2)

where N is the total number of eigenvectors, and

H n=ωn
2 G n=

1
1−( Ωωn )

2
+2 i Dn ( Ωωn )

. (2.6-3)

An upper bound of the error is

Δ E Sp< 1
4 |H p|

2 ∑
n=p+1

N ( [ x n ]T [ LL ]
ωn

)
2

. (2.6-4)

If the structure does not have rigid body modes, a static solution 

[ uL ]= [ K L L ]−1 [ LL ] (2.6-5)
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can be computed. This static solution equals the frequency response at the
excitation frequency Ω = 0: 

[ uL ]=∑
n=1

N 1
ωn

2 [ x n ] [ xn ]T [ LL ] (2.6-6)

The strain energy of the static solution is 

E S
S= 1

2 [uL ]T [ K L L ] [ uL ]=∑
n=1

p 1
2 ( [ x n ]T [ LL ]

ωn
)

2

+ ∑
n= p+1

N 1
2 ( [ x n ]T [ LL ]

ωn
)

2

. (2.6-7)

Thus, 

∑
n= p+1

N ( [ xn ]T [ LL ]
ωn

)
2

=2 E S
S−∑

n=1

p ( [ xn ]T [ LL ]
ωn

)
2

. (2.6-8)

With the modal strain energies 

E n
S= 1

2 ( [ xn ]T [ LL ]
ωn

)
2

(2.6-9)

the strain energy error satisfies 

Δ E Sp< 1
2|H p|2(E S

S−∑
n=1

p

E n
S) . (2.6-10)

The relative error is 

eS
p=ΔE Sp

E S
S < 1

2 |H p|
2(1−∑n=1

p E n
F

E S
F ) . (2.6-11)

With static correction, the static response of the neglected modes is included
in the solution. Thus, the error is 

Δ E Spc= 1
4 ∑

n=p+1

N

(|H n|
2−1 )( [ xn ]T [ LL ]

ωn
)

2

. (2.6-12)

The relative error satisfies 

e S
pc< 1

2 (|H p|
2−1 )(1−∑n=1

p E n
S

E S
S ) . (2.6-13)

In case of a base motion excitation the same relations are obtained, with 

[LL ]=Ω2 ( [ M L L ] [U L
B ]+ [ M L P ] [U P ] ) . (2.6-14)

Both the modal strain energies E n
S  and the static strain energy E S

S  are pro-
portional to Ω4. Thus, this factor cancels out when computing the relative er-
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ror.
If the structure has rigid body modes, the static solution is the solution of the
inertia relief problem

[ K L L ] [uL ]=[ LL ]−[ M L L ] [ XR ] [ XR ]T [ LL ] (2.6-15)

where matrix  [XR] contains the rigid body modes. Equation  (2.6-15) means
that the structure is loaded by the applied loads and the inertia loads due to
the rigid body acceleration caused by the applied loads.
The solution of Equation (2.6-15) is unique only up to a rigid body motion. Be-
cause a rigid body motion does not contribute to the strain energy, Equation
(2.6-15) can be solved for any arbitrary set of fictitious supports that prevent a
rigid body motion.
Because the elastic modes are mass orthogonal with respect to the rigid body
modes, the modal strain energies can still be computed from Equation (2.6-
9).

2.7 Linear Constraints

2.7.1 Matrix Transformations

The displacements [uD] at the dependent degrees of freedom depend linearly
on the displacements [uI] at the independent degrees of freedom:

[ uD ]=[ CD I ] [uI ] (2.7-1)
This equation can be expanded to

[ [ uI ]
[uD ]]=[ [ I I I ]

[C D I ]] [u I ]=[CG i ] [uI ] (2.7-2)

where [III] is the unit matrix related to the independent degrees of freedom.
With the partitioning

[ K ]=[ [ K I I ] [K I D ]
[ K I D ]T [K D D ]] (2.7-3)

the transformed stiffness matrix reads 

[ K̄ I I ]= [CG I ]T [ K ] [ CG I ]
= [ K I I ]+ [ K I D ] [C D I ]+ [C D I ]T [ K I D ]T+ [C D I ]T [ K D D ] [C D I ] .

(2.7-4)

With the augmented constraint matrix 
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[C ]=[ [ I I I ] [0 I D ]
[C D I ] [ 0D D ]] (2.7-5)

the transformation reads 

[ K̄ ]=[C ]T [ K ] [C ]=[ [ K̄ I I ] [ 0I D ]
[0D I ] [0D D ]] . (2.7-6)

From [K], the L- and P-partitions can be obtained in the usual way.
The mass matrix is transformed in the same way: 

[ M̄ ]= [C ]T [ M ] [C ] (2.7-7)
Finally the transformation of the load matrix is 

[ l̄ ]= [C ]T [ l ] . (2.7-8)
All equations of sections 2.2 to 2.6 also apply in the presence of linear con-
straints. It is only necessary to replace [K] by [K], [M] by [M] and [l] by [l]. 

2.7.2 Constraint Matrices

The constraint matrix [C] is assembled from the constraint matrices of the dif-
ferent linear constraints. The contributions depend on the type of the linear
constraint.

connect

The  displacements  at  the  connected  pairs  of  degrees  of  freedom  are
identical. The constraint matrix is therefore simply an identity matrix.

rigbdy

The displacements at the dependent degrees of freedom follow a rigid body
motion defined by the displacements at the autonomous degrees of freedom.
So there are always six autonomous degrees of freedom in a three-dimen-
sional problem and three in a two-dimensional problem.
In three dimensions, the rigid body motion is described by 

[[ uD ]
[ rD ] ]=[ [ I 33 ] [ R33 ]

[ 033 ] [ I 33 ] ][ [ uA ]
[r A ]] (2.7-9)

where 
[u ]= [u x uy uz ]T , [ r ]= [ r x r y r z ]T (2.7-10)

are the translations and rotations,  [I33] is the three-dimensional unit matrix,
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[033] is the three-dimensional null matrix and 

[ R33 ]=[ 0 zD−zA −(yD−yA)
−(zD−z A) 0 xD−x A

yD−yA −( xD−x A) 0 ] (2.7-11)

is the three-dimensional rotation matrix. In two dimensions, columns 3 to 5
and rows 3 to 5 are removed.
The constraint matrix [C] is assembled from the rows of Equation (2.7-9) that
correspond to the dependent degrees of freedom.

rigfit

This constraint is mainly used to apply loads of which only the resultants with
respect to a certain point are known. The load is distributed to a set of nodal
points so that the resultants of these distributed loads agree with the result-
ants of the given load.
This constraint is closely related to the rigid body constraint, but now the de-
grees of freedom that control the rigid body motion are dependent degrees of
freedom. The loads are applied at the dependent degrees of freedom and dis-
tributed to the autonomous degrees of freedom.
Let [XAD] be the rigid body matrix that describes the motion of the autonom-
ous degrees of freedom due to a rigid body motion of the dependent degrees
of freedom. This matrix is the same as the constraint matrix of the rigid body
constraint.
The condition that the resultants of the loads at the autonomous degrees of
freedom with respect to the nodal point with the dependent degrees of free-
dom are identical with the resultants of the loads at the dependent degrees of
freedom reads 

[XA D ]T [ lA ]= [l D ] . (2.7-12)

With 

[l A ]= [C D A ]T [l D ] (2.7-13)

Equation (2.7-12) reads 

[ XA D ]T [CD A ]T [ lD ]=[ l D ] . (2.7-14)

Thus, 

[ XA D ]T [ CD A ]T=[ I A A ] (2.7-15)

or 
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[C D A ] [XA D ]=[ I A A ] . (2.7-16)
Hence, the constraint matrix  [CDA] is the generalized inverse of matrix  [XAD].
With the QR-decomposition 

[ XA D ]=[Q A D ] [ RD D ] (2.7-17)
where [QAD] is an orthonormal matrix and [RDD] an upper triangular matrix, the
constraint matrix [CDA] can be computed from 

[C D A ]= [ RD D ]−1 [Q A D ]T . (2.7-18)

There is also a kinematic interpretation of this constraint. The displacements
[uD ]=[C D A ] [uA ]

solve the minimization problem 
‖[uA ]− [ XA D ] [u D ]‖=Min . (2.7-19)

The displacements at the dependent degrees of freedom thus define a rigid
body motion that best matches the displacements at the autonomous degrees
of freedom. Therefore, this constraint is called rigfit.
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3 Elements in Solid Mechanics

3.1 The Beam Element

3.1.1 Assumptions

The current Mefisto beam element has a constant cross section and satisfies
the assumptions of  the Euler-Bernoulli  theory,  i.e.  shear  deformations are
neglected.

3.1.2 Definitions

The xE-axis of the element coordinate system points from the centre of area
of cross section 1 to the centre of area of cross section 2. The zE-axis is in the
plane spanned by the xE-axis and the user defined vector v. The yE-axis com-
plements these two axes to form a right-handed coordinate system (see Fig-
ure 3.1-1).
The unit vectors of the beam coordinate system can be computed from 

b x=
r2−r1

‖r2−r1‖
, cz=v−(v⋅b x ) b x , bz=

cz
‖cz‖

, b y=b z×b x (3.1-1)

where r1 and r2 are the position vectors of the two nodal points.
Each of the two nodal points of the element has six degrees of freedom:
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Figure 3.1-1: Beam Coordinate System

x
E

y
E

C
A1

C
A2

z
E

v

Figure 3.1-2: Centre of Area CA, Shear
Centre CE and Nodal Point P

y
E

z
E

C
A

C
E

P



Mefisto 2.7 Theory Manual 25 Prof. Dr. Wandinger

• Translation u in xE-direction
• Translation v in yE-direction
• Translation w in zE-direction
• Rotation θ about the xE-axis
• Rotation ϕ about the yE-axis
• Rotation ψ about the zE-axis

The shear centre CE is the centre of the resultant shear forces. It is also the
point about which the cross section rotates in pure torsion.
The location of the shear centre as well as of the nodal points the element is
connected to are defined with respect to the element coordinate system (see
Figure  3.1-2).  If  these points are undefined, they are assumed to coincide
with the centre of area.

3.1.3 Kinematics

Transformation matrices

Let matrices [bx], [by] and [bz] contain the coordinates of the basis vectors of
the element coordinate system with respect to the global coordinate system.
Then, the transformation of  the displacement vector  from the element  co-
ordinate system to the structural coordinate system reads 

[u ]=[ux

uy

u z
]= [b x ] u+ [b y ]v+ [bz ]w= [ [b x ] [b y ] [b z ] ] [ u

v
w ]=[T ]E

T [u ]E (3.1-2)

where

[T ]E=[ [b x ]T

[b y ]T

[bz ]T ] (3.1-3)

is the transformation matrix from the structural coordinate system to the ele-
ment coordinate system. Likewise, the transformation of the rotations reads

[ϕ ]=[ϕx

ϕy

ϕz
]= [bx ]θ+ [b y ]ϕ+ [bz ]ψ= [ [b x ] [b y ] [b z ] ][ θϕψ]=[T ]E

T [ϕ ]E . (3.1-4)

If the centre of area does not coincide with the nodal point, the displacement
vector uA of the centre of area can be computed from 
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uA=uP+ϕ×rPA (3.1-5)
where uP is the displacement vector of the nodal point, ϕ is the rotation vector
and rPA is the vector from the nodal point to the centre of area. If yP and zP are
the coordinates of the nodal point with respect to the element coordinate sys-
tem, then Equation (3.1-5) reads 

[ uA

vA

wA
]=[ u

v
w]−[ θϕψ]×[ 0

yP

zP
]=[ u

v
w ]+[ 0 −zP yP

zP 0 0
−yP 0 0 ][ θϕψ] . (3.1-6)

The motion of a cross section can be subdivided into a motion due to exten-
sion, a motion due to bending and a motion due to rotation. As the cross sec-
tion rotates about the shear centre, the corresponding motion of the centre of
area is, see Figure 3.1-3,

[ vAT

wAT ]=[ zE

−yE ]θ (3.1-7)

where  xE and  yE are the coordinates of the shear centre with respect to the
element coordinate system. The motion due to bending is 

[ vAB

w AB]=[ vA

wA]−[ vAT

wAT ]=[1 0 −z E

0 1 yE ] [ vA

wA

θ ] . (3.1-8)

Displacements

The total displacements of an arbitrary point of the cross section can be sub-
divided into the displacements due to extension, due to bending and due to
rotation: 

[ u
v
w ]=[uE

0
0 ]+[ uB

vB

wB
]+[ uT

vT

wT
] . (3.1-9)
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Figure 3.1-3: Rotation about Shear Centre
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The displacements due to extension are constant over the cross section: 
uE ( x )=uA(x ) (3.1-10)

In the Euler-Bernoulli theory, bending causes the cross sections to perform a
rigid rotation about an axis in the yz-plane through the centre of area. Hence, 

uB (x , y , z)=ϕ( x )z−ψ( x )y . (3.1-11)
The shear strains are 

γ xy=
∂uB

∂ y +
∂vB

∂ x =−ψ( x )+
dvB

dx , γ xz=
∂uB

∂ z +
∂wB

∂ x =ϕ(x )+
dwB

dx . (3.1-12)

In the Euler-Bernoulli theory, the shear strains are neglected: 

γ xy=0 → ψ( x)=
dvB

dx , γ xz=0 → ϕ(x )=−
dw B

dx (3.1-13)

The longitudinal strains are 

ϵx=
du
dx =

duA

dx + d ϕ
dx z−d ψ

dx y=
duA

dx −
d 2 wB

dx2 z−
d2 vB

dx2 y . (3.1-14)

Interpolation

For interpolation, the non-dimensional coordinate ξ = x/L is used where L is
the length of the beam. Then, ξ = 0 corresponds to nodal point 1 and ξ = 1 to
nodal point 2.
For the longitudinal displacement uA a linear interpolation is sufficient: 

uA(ξ)=(1−ξ)uA 1+ξ uA 2 . (3.1-15)
For bending, displacements and rotations must be continuous at the nodal
points. Thus, Hermite interpolation has to be used: 

vB(ξ)=H 1(ξ)vB 1+H 2(ξ)ψ1+H 3(ξ)vB 2+H 4(ξ)ψ2
wB(ξ)=H 1(ξ)wB1−H 2(ξ)ϕ1+H 3(ξ)wB 2−H 4(ξ)ϕ2

(3.1-16)

The Hermite polynomials read: 
H 1(ξ)=2 ξ3−3ξ2+1 H 3(ξ)=−2ξ3+3ξ2

H 2(ξ)=L (ξ3−2 ξ2+ξ ) H 4(ξ)=L (ξ3−ξ2 ) (3.1-17)

They satisfy 
H 1(0)=1 , H 1(1)=0, H 3(0)=0, H 3(1)=1 ,
H 2(0)=0 , H 2(1)=0, H 4(0)=0, H 4(1)=0 .

(3.1-18)

The derivatives read:
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dH 1
d ξ =6ξ2−6 ξ dH 3

d ξ =−6 ξ2+6 ξ
dH 2
d ξ =L (3ξ2−4ξ+1)

dH 4
d ξ =L (3ξ2−2ξ )

(3.1-19)

They satisfy 
dH 1
d ξ (0)=0 ,

dH 1
d ξ (1)=0 ,

dH 3
d ξ (0)=0 ,

dH 3
d ξ (1)=0 ,

dH 2
d ξ (0)=L ,

dH 2
d ξ (1)=0 ,

dH 4
d ξ (0)=0 ,

dH 4
d ξ (0)=L .

(3.1-20)

Thus, 
vB(0)=vB 1 , vB (1)=vB2 , wB (0)=wB 1 , wB(1)=wB 2 ,
dv B

dx (0)= 1
L

dvB

d ξ (0)=ψ1 ,
dvB

dx (1)= 1
L

dvB

d ξ (1)=ψ2 ,

dw B

dx (0)= 1
L

dwB

d ξ (0)=−ϕ1 ,
dwB

dx (1)= 1
L

dwB

d ξ (1)=−ϕ2

(3.1-21)

as required.
To compute the strains, also the second derivatives of the Hermite polynomi-
als are needed. They read: 

d2 H 1

d ξ2 =12 ξ−6 ,
d 2 H 3

d ξ2 =−12 ξ+6 ,

d2 H 2

d ξ2 =L (6 ξ−4 ) ,
d 2 H 4

d ξ2 =L (6ξ−2 )
(3.1-22)

Then, the longitudinal strains due to bending read: 

ϵBx=− 1
L2 ( d 2w B

d ξ2 z+
d 2vB

d ξ2 y)
=− z

L2 [ (12ξ−6 )w B 1−L (6 ξ−4 )ϕ1+ (−12 ξ+6 )wB 2−L (6ξ−2 )ϕ2 ]

− y
L2 [ (12 ξ−6 )vB 1+L (6 ξ−4 )ψ1+ (−12ξ+6 )vB 2−L (6ξ−2 )ψ2 ]

(3.1-23)

With the matrices 

[ B z ]= [12ξ−6 −L (6ξ−4 ) −12ξ+6 −L (6ξ−2 ) ] , [w ]=[wB 1
ϕ1

wB 2
ϕ2

] (3.1-24)

and 
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[ By ]=[12ξ−6 L (6 ξ−4 ) −12ξ+6 L (6 ξ−2 ) ] , [v ]=[vB 1
ψ1
vB 2
ψ2

] (3.1-25)

Equation (3.1-23) reads 

ϵBx=− z
L2 [ B z ] [w ]− y

L2 [ By ] [v ] . (3.1-26)

3.1.4 Stiffness Matrix

Extensional Stiffness Matrix

The extensional stiffness matrix  relates the normal  forces to the displace-
ments in longitudinal direction: 

[N 1
N 2]= E A

L [ 1 −1
−1 1 ][uA1

u A2] (3.1-27)

Bending Stiffness Matrix

The bending stiffness matrix relates the shear forces and the bending mo-
ments to the motion in the xy- and the xz-planes.
With σ y=σ z=τ xy=τ xz=τyz=0  and σ x=E ϵBx , the virtual strain energy per vo-
lume is 

~ϵ x σ x=(− z
L2 [ B z ] [~w ]− y

L2 [B y ] [~v ])
T

E (− z
L2 [ Bz ] [w ]− y

L2 [B y ] [v ])
= E z2

L4 [~w ]T [ Bz ]T [ Bz ] [w ]+ E y z
L4 ( [~w ]T [ B z ]T [ B y ] [v ]+ [~v ]T [ B y ]T [ B z ] [w ] )

+ E y2

L4 [~v ]T [ B y ]T [ By ] [v ]

= E
L4 [ [v ]T [~w ]T ][ y2 [B y ]T [ By ] y z [ B y ]T [ B z ]

y z [ B z ]T [ By ] z2 [ B z ]T [ B z ] ][ [v ]
[w ] ] .

(3.1-28)

Integration over the volume gives 

~ϵ x σ x=
E
L3 [ [v ]T [w ]T ]∫

0

1

[ I z [ B y ]T [ By ] −I yz [ By ]T [ Bz ]
−I yz [ B z ]T [ By ] I y [ B z ]T [ B z ] ]d ξ [ [v ]

[w ] ] (3.1-29)

where
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I y=∫
A

z2 dA , I z=∫
A

y2 dA  and I yz=−∫
A

y z dA

are the area moments of inertia.
Thus, the bending stiffness matrix reads

[kB ]E=
E
L3 [ I z∫

0

1

[By ]T [ By ] d ξ −I yz∫
0

1

[By ]T [ Bz ] d ξ

−I yz∫
0

1

[ Bz ]T [ By ] d ξ I y∫
0

1

[B z ]T [ B z ] d ξ ] . (3.1-30)

Evaluation of the integrals gives:

[ Byy ]=∫
0

1

[ By ]T [ B y ]d ξ=[ 12 6 L −12 6 L
6 L 4 L2 −6 L 2 L2

−12 −6 L 12 −6 L
6 L 2 L2 −6 L 4 L2 ] (3.1-31)

[ Byz ]=∫
0

1

[By ]T [ Bz ] d ξ=[ 12 −6 L −12 −6 L
6 L −4 L2 −6 L −2 L2

−12 6 L 12 6 L
6 L −2 L2 −6 L −4 L2] (3.1-32)

[B zz ]=∫
0

1

[B z ]T [B z ]d ξ=[ 12 −6 L −12 −6 L
−6 L 4 L2 6 L 2 L2

−12 6 L 12 6 L
−6 L 2 L2 6 L 4 L2 ] (3.1-33)

Torsional Stiffness Matrix

The torsional stiffness matrix relates the torsional moments to the rotations
about the x-axis: 

[M x 1
M x2]=

G I T

L [ 1 −1
−1 1 ][θ1

θ2] (3.1-34)

Complete Stiffness Matrix in the Element Coordinate System

The order of the element degrees of freedom is
1 2 3 4 5 6 7 8 9 10 11 12

uA1 vB1 wB1 θ1 ϕ1 ψ1 uA2 vB2 wB2 θ2 ϕ2 ψ2

Thus, the extensional, bending and torsional stiffness matrices are inserted
into the complete stiffness matrix as follows:
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k([1,7],[1,7])           = kE
k([2,6,8,12],[2,6,8,12]) = E * Iz * Byy / L^3
k([2,6,8,12],[3,5,9,11]) = -E * Iyz* Byz / L^3
k([3,5,9,11],[2,6,8,12]) = k([2,6,8,12],[3,5,9,11])'
k([3,5,9,11],[2,5,9,11]) = E * Iy * Bzz / L^3
k([4,10],[4,10])         = kT

Transformation to the Structural Coordinate System

The displacements of the nodal points, in the element coordinate system, are
obtained from the displacements of the nodal points, in the structural coordin-
ate system, by 

[ [u1 ]E
[ϕ1 ]E
[u2 ]E
[ϕ2 ]E

]=[ [T ]E [0 ] [0 ] [ 0 ]
[ 0 ] [T ]E [0 ] [ 0 ]
[ 0 ] [0 ] [T ]E [ 0 ]
[ 0 ] [0 ] [0 ] [T ]E

][ [u1 ]
[ϕ1 ]
[u2 ]
[ϕ2 ] ] (3.1-35)

where [T]E is given by Equation (3.1-3) and 

[ un ]E=[ un

vn

wn
] , [ϕn ]E=[ θn

ϕn
ψn

] , [un ]=[unx

uny

unz
] , [ϕn ]=[ϕnx

ϕny

ϕnz
] , n=1,2 . (3.1-36)

The displacements of the centre of area are 

[ [uA 1 ]E
[ϕ1 ]E
[uA 2 ]E
[ϕ2 ]E

]=[ [ I ] [T A ] [ 0 ] [ 0 ]
[ 0 ] [ I ] [ 0 ] [ 0 ]
[ 0 ] [ 0 ] [ I ] [T A ]
[ 0 ] [ 0 ] [ 0 ] [ I ]

][ [ u1 ]E
[ϕ1 ]E
[ u2 ]E
[ϕ2 ]E

] (3.1-37)

where [TA] is defined by Equation (3.1-6) and 

[ uAn ]E=[ uAn

vAn

wAn
] , n=1,2 . (3.1-38)

Finally, the bending deformation is obtained from 

[ [uB 1 ]E
[ϕ1 ]E
[uB 2 ]E
[ϕ2 ]E

]=[ [I ] [ T R ] [0 ] [0 ]
[0 ] [ I ] [0 ] [0 ]
[0 ] [0 ] [I ] [ T R ]
[0 ] [0 ] [0 ] [I ]

] [ [uA 1 ]E
[ϕ1 ]E

[ uA 2 ]E
[ϕ2 ]E

] (3.1-39)

with 
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[T R ]=[ 0 0 0
−zE 0 0

y e 0 0 ] , (3.1-40)

cf. Equation (3.1-7).

3.1.5 Mass Matrix

Lumped Mass Matrix

In the element coordinate system, the lumped mass matrix reads 

[ m ]E=
1
2 [

m 0 0 0 0 0 0 0 0 0 0 0
0 m 0 0 0 0 0 0 0 0 0 0
0 0 m 0 0 0 0 0 0 0 0 0
0 0 0 J x 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 m 0 0 0 0 0
0 0 0 0 0 0 0 m 0 0 0 0
0 0 0 0 0 0 0 0 m 0 0 0
0 0 0 0 0 0 0 0 0 J x 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

] (3.1-41)

where 
m=ρA L (3.1-42)

is the mass of the element and 
J x=ρL (I y+I z ) (3.1-43)

is the mass moment of inertia about the x-axis.

Consistent Mass Matrix

With Equation (3.1-15), the mass matrix for the longitudinal motion is

[m x ]E=ρA L∫
0

1

[1−ξ
ξ ] [1−ξ ξ ] d ξ=m∫

0

1

[ (1−ξ )2 ξ (1−ξ )
ξ (1−ξ ) ξ2 ]d ξ .

The result of the integration is 

[ m x ]E=
m
6 [2 1

1 2 ] . (3.1-44)
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This matrix is inserted into the 1,7/1,7-partition of the complete mass matrix.
The motion of the centre of area in y-direction is 

vA(ξ)= [H 1(ξ) H 2(ξ) H 3(ξ) H 4(ξ)] [vA 1
ψ1
vA 2
ψ2

] (3.1-45)

with the interpolation functions defined by Equation (3.1-17). The mass matrix
is computed from

[my ]E=ρA L∫
0

1 [ H 1
2 H 1 H 2 H 1 H 3 H 1 H 4

H 2 H 1 H 2
2 H 2 H 3 H 2 H 4

H 3 H 1 H 3 H 2 H 3
2 H 3 H 4

H 4 H 1 H 4 H 2 H 4 H 3 H 4
2 ]d ξ

giving 

[ my ]E=
m

420 [ 156 22 L 54 −13 L
22 L 4 L2 13 L −3 L2

54 13 L 156 −22 L
−13 L −3 L2 −22 L 4 L2 ] . (3.1-46)

This  matrix  is  inserted  into  the  2,6,8,12/2,6,8,12-partition  of  the  complete
mass matrix.
The  motion of the centre of area in z-direction is 

wA(ξ)= [H 1(ξ) −H 2(ξ) H 3(ξ) −H 4(ξ) ][wA 1
ϕ1

wA2
ϕ2

] . (3.1-47)

Thus,

[mz ]E=ρA L∫
0

1 [ H 1
2 −H 1 H 2 H 1 H 3 −H 1 H 4

−H 2 H 1 H 2
2 −H 2 H 3 H 2 H 4

H 3 H 1 −H 3 H 2 H 3
2 −H 3 H 4

−H 4 H 1 H 4 H 2 −H 4 H 3 H 4
2 ]d ξ

resulting in 

[ mz ]E=
m

420 [ 156 −22 L 54 13 L
−22 L 4 L2 −13 L −3 L2

54 −13 L 156 22 L
13 L −3 L2 22 L 4 L2 ] . (3.1-48)
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This  matrix  is  inserted  into  the  3,5,9,11/3,5,9,11-partition  of  the  complete
mass matrix.
Finally, the mass matrix for the rotation about the x-axis reads 

[ mθ ]E=
J x

6 [2 1
1 2 ] (3.1-49)

where J x=ρL (I y+I z ) . This matrix is inserted into the 4,10/4,10-partition of the
complete mass matrix.

Transformation

The transformation from the structural coordinate system to the element co-
ordinate system is composed of the transformation defined in Equation (3.1-
35) followed by the transformation defined in Equation (3.1-37).

3.1.6 Stress Resultants

The stress resultants are computed at the midpoint of the element. The posit-
ive directions of the stress resultants can be seen in Figure 3.1-4.

Normal Force

The normal force acts at the centre of area. It is computed from

N=E A du
dx =

E A
L

du
d ξ=

E A
L (uA 2−uA 1 ) (3.1-50)

(cf. Equation (3.1-15)) where uA is the x-component of the displacement of the
centre of area.
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Shear Forces

The shear forces act at the shear centre. They are computed from

Q y=−
dM z

dx =−E (I yz
d2ϕ
dx2 + I z

d 2ψ
dx2 ) (3.1-51)

and

Q z=
dM y

dx =E (I y
d 2ϕ
dx2 + I yz

d 2 ψ
dx2 ) (3.1-52)

respectively. With Equations (3.1-13) and (3.1-16), the rotations read

ϕ(ξ)=− 1
L

dw B

d ξ =− 1
L (dH 1

d ξ w B 1−
dH 2
d ξ ϕ1+

dH 3
d ξ wB 2−

dH 4
d ξ ϕ2) (3.1-53)

and

ψ(ξ)= 1
L

dvB

d ξ =
1
L ( dH 1

d ξ vB1+
dH 2
d ξ ψ1+

dH3
d ξ vB2+

dH 4
d ξ ψ2) . (3.1-54)

With Equation (3.1-22), the second derivatives of the rotations read 
d2ϕ
dx2 =

1
L2

d 2ϕ
d ξ2 =− 1

L3 (12 wB 1−6 L ϕ1−12 w B 2−6 L ϕ2 ) (3.1-55)

and
d 2 ψ
dx 2 =

1
L2

d 2 ψ
d ξ2 =

1
L3 (12 vB 1+6 L ψ1−12 vB 2+6 L ψ2 ) . (3.1-56)

Thus, the shear forces at the midpoint are given by

Q y=
E
L3 (I yz (12 w B1−6 Lϕ1−12 wB2−6 L ϕ2 )

−I z (12 vB 1+6 Lψ1−12 vB 2+6 L ψ2 ))
(3.1-57)

and

Q z=−
E
L3 ( I y (12 wB 1−6 L ϕ1−12 wB 2−6 Lϕ2 )

− I yz (12 vB 1+6 Lψ1−12 vB 2+6 L ψ2 )) .
(3.1-58)

Bending Moments

The bending moments with respect to the centre of area can be computed
from
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M y=E ( I y
d ϕ
dx + I yz

d ψ
dx ) (3.1-59)

and 

M z=E (I yz
d ϕ
dx +I z

d ψ
dx ) (3.1-60)

respectively. At the midpoint, the derivatives of the rotations are given by 
d ϕ
dx = 1

L
d ϕ
d ξ=− 1

L2 (L ϕ1−L ϕ2 )=
1
L (ϕ2−ϕ1 ) (3.1-61)

and 
d ψ
dx = 1

L
d ψ
d ξ = 1

L2 (−L ψ1+Lψ2 )=
1
L (ψ2−ψ1 ) . (3.1-62)

Thus, the bending moments at the midpoint can be computed from

M y=
E
L ( I y (ϕ2−ϕ1 )+ I yz (ψ2−ψ1 ) ) (3.1-63)

and 

M z=
E
L (I yz (ϕ2−ϕ1)+ I z (ψ2−ψ1 ) ) . (3.1-64)

Torque

The torque can be computed from

M x=G I T
dθ
dx =

G I T

L (θ2−θ1 ) . (3.1-65)

3.2 Membrane Elements

The 2-dimensional membrane elements are standard isoparametric elements
as can be found in  any textbook on the Finite  Element  Method,  see e.g.
[Bathe, 1996]. The linear quadrilateral element uses selective integration, i.e.
the shear is evaluated at the midpoint only.
The 3-dimensional membrane elements are formulated like the 2-dimensional
membrane elements, but with respect to a 2-dimensional element coordinate
system. Currently, only triangular and quadrilateral linear elements are avail-
able. These elements have no stiffness perpendicular to their plane, and no
rotational stiffness.
The 3-dimensional quadrilateral membrane element is formulated in the plane
tangential to the element in the midpoint C (see Figure 3.2-1).
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The coordinates of the midpoint C are

[ rC ]=∑
n=1

4

[ rn ] . (3.2-1)

The element coordinate system is defined as follows: Vector  bx points from
the midpoint C to the midpoint of the edge 23. Vector c2 points from the mid-
point C to the midpoint of the edge 34. Then,

b z=
b x×c2

‖b x×c2‖
, b y=bz×b x . (3.2-2)

Likewise, the 3-dimensional triangular membrane element is formulated in the
plane of the triangle.  The origin coincides with node 1. Vector bx points from
node 1 to node 2, and vector c2 points from node 1 to node 3. As for the quad-
rilateral element, vectors by and bz are computed from Equation (3.2-2).
Quadrilateral elements may be warped, i.e. the nodal points may not all be in
the same plane. Then, the forces at the projected nodal points have to be
transferred to the actual nodal points. This will generate moments about the
xE- and yE-axis that have to be balanced by two couples Q1 and Q2 (see Figure
3.2-2) [Naganarayana & Prathap, 1989].
The balance of moments requires

∑M x
C=0 : (y1−y3) Q1+ (y2−y4 )Q 2−∑

n=1

4

zn F ny=0

∑M y
C=0 : −( x1−x3 )Q 1−( x 2−x 4 ) Q2+∑

n=1

4

zn F nx=0
(3.2-3)

i.e. 
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[Q1
Q2]=[C ]−1 [ Z ] [ F ] (3.2-4)

where 

[C ]=[y1−y3 y2−y4
x1−x3 x2−x4] , (3.2-5)

[ Z ]=[ 0 z1 0 z2 0 z3 0 z 4
z1 0 z 2 0 z3 0 z 4 0 ] (3.2-6)

and 
[ F ]= [ F1 x F 1 y ⋯ F 4 x F 4y ]T . (3.2-7)

The warping correction is applied if 
|z|/Lmin>wtol (3.2-8)

where z is the z-coordinate of the nodal points in the element coordinate sys-
tem, Lmin is the minimum edge length, and wtol is the warping tolerance. The
default of the warping tolerance is 10-3.

3.3 Membrane Elements with Drilling Dofs

2-dimensional  membrane  elements  can  be  given  a  rotational  stiffness  by
adding the rotation about the z-axis as third degree of freedom at the nodal
points. The triangular element t3r and the quadrilateral element q4r are ob-
tained from elements t6 and t8 respectively by relating the displacements at
the midpoints to the displacements and the rotation at the corner nodes.
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Figure 3.2-2: Forces of Warped Element
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To see how this transformation is defined, consider midpoint 4 of the triangu-
lar element shown in Figure 3.3-1. First, a local coordinate system for edge
12 is defined. Vector e1 points from node 1 to node 2, and vector e2 is perpen-
dicular to vector e1 and points to the left. The vectors are given by 

[ e1 ]=[e1x

e1y ]= 1
L [ x2−x1

y2−y1] , [e 2 ]=[−e1 y

e1 x ] (3.3-1)

where L=√( x2−x1)
2+(y2−y1)

2  is the length of the edge. Then, the transform-
ation matrix from the global coordinate system to the edge coordinate system
reads 

[T 12 ]=[ e1 x e1 y 0
−e1y e1 x 0

0 0 1] . (3.3-2)

The displacements with respect to the edge coordinate system are given by 

[ ua ]12=[ ūa

v̄a
ψa

]
12

= [T 12 ] [ ua ] , a=1,2 (3.3-3)

where 

[ ua ]=[ua

va
ψa

] (3.3-4)

are the displacements with respect to the global coordinate system.
The displacement component u4 tangential to the edge is the mean of the tan-
gential displacements at the corner nodes of the edge:
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Figure 3.3-1: Edge Coordinate System
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ū4=
1
2 ( ū1+ū2 ) (3.3-5)

To compute the displacement component v4 perpendicular to the edge, Her-
mite interpolation is used: 

v̄4=H 1(0.5)v̄1+H 2(0.5)ψ1+H 3(0.5) v̄2+H 4(0.5)ψ2 (3.3-6)
The Hermite polynomials are given by Equation (3.1-17). With 

H 1(0.5)=2⋅ 1
23−3⋅1

22 +1= 1
2 , H 2 (0.5)=L ( 1

23−2⋅1
22 +

1
2 )= L

8 ,

H 3(0.5)=−2⋅1
23 +3⋅1

22=
1
2 , H 4(0.5)=L ( 1

23−
1
22 )=− L

8 ,
(3.3-7)

the displacement component perpendicular to the edge is 

v̄4=
1
2 (v̄ 1+v̄ 2 )+

L
8 (ψ1−ψ2 ) . (3.3-8)

In matrix notation, Equations (3.3-5) and (3.3-8) read 

[ u4 ]12=[ ū4
v̄4]12

=1
8 [4 0 0 4 0 0

0 4 L 0 4 −L ]12[
ū1
v̄1
ψ1
ū2
v̄2
ψ2

]
12

(3.3-9)

Finally, the displacements of the midpoint with respect to the global coordin-
ate system are obtained from 

[ u4 ]=[u4
v4 ]=[ e1 ] ū4+ [e2 ] v̄4=[e1 x −e1 y

e1y e1 x ][ ū4
v̄4] . (3.3-10)

Combining the equations, the following result is obtained:

[u4
v4 ]=1

8 [4 0 −e1y L 4 0 e1y L
0 4 e1 x L 0 4 −e1 x L ][

u1
v1
ψ1
u2
v2
ψ2

] (3.3-11)

In the same way, the transformation matrices for the other edge points can be
computed. They can be assembled into one single transformation matrix that
relates the displacements at the nodes of a t6 or q8 element to those of the
t3r or q4r element.
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The formulation of 3-dimensional elements with drilling degrees of freedom is
the same as of 2-dimensional elements. As in the case of standard mem-
brane elements,  the elements are formulated in a 2-dimensional local  co-
ordinate system and subsequently transformed to 3 dimensions.
The membrane elements with drilling degrees of freedom have one spurious
mode where the rotations about the element normal at all nodes of the ele-
ment have the same value. To prevent this spurious mode it is sufficient to
constrain the rotation at one single node. The spurious mode is also preven-
ted if at least one element is connected to a beam element.

3.4 Shell Elements

The shell elements currently implemented in Mefisto are facetted shell ele-
ments, i.e. the curvature is neglected within the element. The elements can
be considered a combination of  membrane and plate elements.  They are
based on the Reissner-Mindlin plate theory.

3.4.1 The Element Coordinate System

The element coordinate system is defined in the same way as for the corres-
ponding 3-dimensional membrane elements. At each nodal point, matrix 

[T 33 ]PE=[ [b x ]
T

[b y ]T

[b z ]T ] (3.4-1)

transforms the translations and the rotations to the element coordinate sys-
tem. The vectors bx, by and bz are as defined in Section 3.2.
The element may have a user-defined offset, i.e. the nodal points may have a
distance zO in zE-direction from the warped shape of the element to the nodal
point. In Mefisto, all nodal points of the element must have the same offset.
If the nodal points have an offset, the actual displacements are obtained from

[ u
v
w ]

N

=[uvw ]
P

−[ϕψθ ]×[ 0
0
zO
]
E

=[u−ψ zO

v+ϕ zO

w ] . (3.4-2)

The rotations are not affected by the offset. Thus, matrix

3 Elements in Solid Mechanics 16/11/24



Mefisto 2.7 Theory Manual 42 Prof. Dr. Wandinger

[T 66 ]NP=[
1 0 0 0 −zO 0
0 1 0 zO 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

] (3.4-3)

computes the actual displacements and rotations.
Finally, with 

[T 66 ]PE=[[ T 33 ]PE [ 033 ]
[ 033 ] [T 33 ]PE ] (3.4-4)

the transformation matrix for the displacements and rotations at one nodal
point from the global coordinate system to the displacements and rotations at
the projected node in the element coordinate system reads 

[T 66 ]E=[T 66 ]NP [T 66 ]PE . (3.4-5)

3.4.2 Warping Correction

Quadrilateral elements may be warped. Then, the nodal points are projected
into the plane spanned by vectors bx and by . In Figure 3.4-2 the contour of the
projected element is shown in blue. The element matrices are formulated for
the projected element.
To transfer the forces from the projected nodal points to the original nodal
points the same method as for the quadrilateral membrane element (cf. Sec-
tion 3.2) is used. An additional correction is needed to align the moments at

3 Elements in Solid Mechanics 16/11/24

1
2

3

4
C

b
x

b
z

c
2

A

BC

D

x
E

b
y

y
E

Figure 3.4-1: Coordinate System of Quadrilateral Shell Elements



Mefisto 2.7 Theory Manual 43 Prof. Dr. Wandinger

the nodal points along the element edges [Naganarayana & Prathap, 1989,
MacNeal, 1994]. The correction adds an additional moment  Mnz so that the
resulting moment at each nodal point lies in the plane that is tangential to the
warped element at the nodal point. These additional moments must be bal-
anced by additional forces R.
Let vn be a vector that is normal to the tangential plane at the n-th nodal point.
This vector can be computed from the vectors along the edges joining at the
corresponding nodal point. Then, the moment vector at this nodal point must
satisfy 

(M nx b x+M ny b y+M nz bz )⋅vn=0 (3.4-6)
yielding 

M nz=−
vnx

vnz
M nx−

vny

vnz
M ny . (3.4-7)

The balance of moments reads (cf. Figure 3.4-2)

∑M z
C=0 : ∑

n=1

n

M nz+ (y3+y4−y1−y2+x2+ x3−x 4−x1 ) R=0 , (3.4-8)

i.e. 

R=
∑
n=1

4 vnx

vnz
M nx+

vny

v nz
M ny

x2+x3−x1−x4+y3+y4−y1−y2

. (3.4-9)
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3.4.3 The Reissner-Mindlin Plate Theory

The basic assumption of plate theory is that the displacements of cross sec-
tions perpendicular to the mid-surface of the plate are a superposition of a
vertical translation and a rotation about an axis in the mid surface. Thus, in
the element coordinate system, 

[u ]=[u (x , y , z)
v( x , y , z)
w (x , y ) ]=[ 0

0
w ( x , y)]+[

ϕ( x , y)
ψ(x , y )

0 ]×[00z ]=[ ψ( x , y) z
−ϕ( x , y) z

w (x , y) ] (3.4-10)

where ϕ and ψ are the rotations about the x- and y-axis respectively, and w is
the displacement in z-direction.
The strains in a plane parallel to the mid-surface are 

ϵx=
∂u
∂ x =

∂ψ
∂ x z , ϵy=

∂v
∂ y=−∂ϕ

∂ y z , γ xy=
∂u
∂y + ∂v

∂ x=(∂ψ∂ y −∂ϕ
∂ x )z , (3.4-11)

and the transverse shear strains are obtained from 

γ xz=
∂u
∂ z +

∂w
∂ x =ψ+∂w

∂ x , γyz=
∂v
∂ z +

∂w
∂y =−ϕ+∂w

∂ y . (3.4-12)

In matrix notation, the strain-displacement equations can be written 

[ϵ]=[ ϵ x
ϵy
γ xy

]=[ ∂ψ/∂ x
−∂ϕ/∂y

∂ψ/∂y−∂ϕ/∂ x ] z=[κ]z (3.4-13)

and 

[γ]=[γ xz
γyz ]=[ ψ+∂w /∂ x

−ϕ+∂w /∂ y] (3.4-14)

respectively where 

[κ]=[ ∂ψ/∂ x
−∂ϕ/∂ y

∂ψ/∂ y−∂ϕ/∂ x ] (3.4-15)

is the curvature matrix. The transverse shear strains can be seen to be con-
stant over the thickness of the plate.
In the same way, the virtual curvatures [~κ]  and the virtual transverse shear
strains [~γ]  are obtained from the virtual displacements [~u ] .
With the plane-stress stiffness matrix 

3 Elements in Solid Mechanics 16/11/24



Mefisto 2.7 Theory Manual 45 Prof. Dr. Wandinger

[ E M ]= E
1−ν2 [1 ν 0

ν 1 0
0 0 1−ν

2 ] (3.4-16)

and the shear modulus  G,  the bending stresses and the transverse shear
stresses are given by 

[σB]=[σ x
σy
τ xy

]=[ E M ] [κ] z  and [τT ]=[τ xz
τ yz ]=G [ γ] . (3.4-17)

Now, the virtual strain energy can be computed from 
~E F=∫

V

[~κ]T [ E M ][ κ] z2 dV +∫
V

[~γ]T G [ γ]dV . (3.4-18)

The material properties are assumed not to depend on  z. Then, integration
over z yields 

~E F= h3

12∫A [~κ]T [E M ][κ]dA+h k S∫
A

G [~γ]T [γ]dA (3.4-19)

where h is the thickness of the plate. The shear correction factor kS has been
introduced to account for the actual parabolic dependence of the transverse
shear on z. Mefisto uses kS = 5/6 which corresponds to the shear correction
factor of a beam with rectangular cross section (see e.g. [Bathe, 1996]).
For thin plates the second integral is considerably larger than the first. It can
be considered a penalty term which makes the transverse shear vanish as is
assumed in the Kirchhoff plate theory. Thus, the Reissner-Mindlin plate the-
ory converges to the Kirchhoff plate theory if the thickness of the plate be-
comes very small.

3.4.4 Stiffness Matrix

The membrane part of the stiffness matrix is taken from the corresponding 3-
dimensional membrane element.
The bending part of the stiffness matrix is obtained from the Reissner-Mindlin
theory. Equation (3.4-19) shows that it consists of two parts. The first part is
due to the bending stresses and the second due to the transverse shear
stresses.

Interpolation functions

A linear interpolation is used for both the vertical displacement w and the rota-
tions ϕ and ψ. For the quadrilateral element, the interpolation reads
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[w (r , s)
ϕ (r , s)
ψ(r , s)]=∑n=1

4

N n(r , s)[wn

ϕn
ψn

] (3.4-20)

where 

N 1(r , s)=1
4 (1−r)(1−s) , N 2(r , s)= 1

4 (1+r )(1−s)

N 3(r , s)= 1
4 (1+ r)(1+s) , N 4(r , s)= 1

4 (1−r )(1+ s)
(3.4-21)

are the standard interpolation functions of linear quadrilateral elements. The
derivatives of the shape functions are computed from

[∂N n

∂ x
∂N n

∂ y
]=[ J ]−1[∂N n

∂ r
∂N n

∂ s
] (3.4-22)

where

[ J ]=[ ∂ x
∂ r

∂ y
∂ r

∂ x
∂ s

∂ y
∂ s ]=[

∂N 1
∂ r

∂N 2
∂ r

∂N 3
∂r

∂N 4
∂ r

∂N 1
∂ s

∂N 2
∂ s

∂N 3
∂ s

∂N 4
∂ s

][ x1 y1
x2 y2
x3 y3
x 4 y4

] (3.4-23)

is the Jacobi matrix. The derivatives of the interpolation functions with respect
to r and s are 
∂N 1
∂ r =− 1

4 (1−s ) ,
∂N 2
∂ r = 1

4 (1−s ) ,
∂N 3
∂ r = 1

4 (1+ s) ,
∂N 4
∂ r =−1

4 (1+ s)

∂N 1
∂ s =− 1

4 (1−r ) ,
∂N 2
∂ s =−1

4 (1+r ) ,
∂N 3
∂ s =1

4 (1+ r ) ,
∂N 4
∂ s = 1

4 (1−r )
(3.4-24)

For the triangular element, the interpolation reads 

[w (r , s)
ϕ (r , s)
ψ(r , s)]=∑n=1

3

N n(r , s)[wn

ϕn
ψn

] (3.4-25)

where 
N 1(r , s)=1−r− s , N 2(r , s)=r , N 3(r , s)=s (3.4-26)

(cf. Figure  3.4-3) are the standard interpolation functions of linear triangular
elements. The derivatives of the interpolation functions with respect to r and s
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are 
∂N 1
∂ r =−1, ∂N 2

∂ r =1, ∂N 3
∂ r =0

∂N 1
∂ s =−1, ∂N 2

∂ s =0, ∂N3
∂ s =1

(3.4-27)

The Jacobi matrix reads 

[ J ]=[ ∂ x
∂ r

∂ y
∂ r

∂ x
∂ s

∂ y
∂ s ]=[ x 2−x1 y2−y1

x3−x1 y3−y1] (3.4-28)

Its inverse is 

[ J ]−1= 1
2 A [ y3−y1 y1−y2

x1−x3 x2−x 1] (3.4-29)

where 

A= 1
2 det(J )= (y3−y1 ) ( x2−x1 )−( x1−x3 ) (y1−y2 ) (3.4-30)

is the area of the triangle.

Bending stress part of the bending stiffness matrix

With the interpolations defined above, the curvature matrix reads 

[κ]=∑
n=1

np [0 0 ∂N n

∂ x

0 −
∂N n

∂y 0

0 −
∂N n

∂ x
∂N n

∂ y
] [wn

ϕn
ψn

]=∑n=1

n p

[ Bκ n ][wn

ϕn
ψn

] , n p=3,4 (3.4-31)
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where 

[ B κn ]=[0 0 ∂N n

∂ x

0 −
∂N n

∂ y 0

0 −
∂N n

∂ x
∂N n

∂y
] . (3.4-32)

Finally, with 
[ Bκ ]= [ [ B κ1 ] ⋯ [B κn p ] ] (3.4-33)

and

[ uB ]T=[w1 ϕ1 ψ1 ⋯ wnp
ϕnp

ψn p ] , (3.4-34)

the curvature matrix can be computed  from 

[κ(r , s)]= [Bκ(r , s)] [ uB ] . (3.4-35)

Now, the first integral in Equation (3.4-19) reads 

∫
A

[~κ]T [E M ][κ]dA=[~u B ]T∫
A

[ Bκ ]T [E M ] [ Bκ ] dA [ uB ] . (3.4-36)

Thus, the bending stress part of the stiffness matrix is 

[K b ]= h3

12∫A [B κ ]T [ E M ] [ Bκ ] dA . (3.4-37)

Transverse shear stress part of the bending matrix

With a linear interpolation for both the transverse displacement w and the ro-
tations ϕ and ψ, the transverse shear strains cannot vanish identically. Thus,
the element can not converge to the Kirchhoff theory if the thickness of the
shell goes to zero. Instead, the element will suffer from shear locking.
One possibility to cure this problem is to use a reduced integration for the
transverse shear part. However, this will lead to two spurious modes. Thus, a
different method will be used that is based on an interpolation of the covariant
shear strains from their values at the midpoints of the edges [Bathe, 1996].
The covariant base vectors of the element are 

g r=
∂ x
∂ r , g s=

∂ x
∂ s , g z=b z . (3.4-38)

In the element coordinate system, these vectors read 
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g r=(∑
n=1

4 ∂N n

∂ r x n)b x+(∑
n=1

4 ∂N n

∂ r yn)b y=g rx b x+ gry b y

gs=(∑
n=1

4 ∂N n

∂ s x n)b x+(∑
n=1

4 ∂N n

∂ s yn)b y=g sx bx+g sy b y

(3.4-39)

where 

g rx=
∂ x
∂ r , g ry=

∂ y
∂ r , g sx=

∂ x
∂ s , g sy=

∂y
∂ s . (3.4-40)

Comparison with Equation (3.4-23) shows that

[ grx gry

gsx g sy]= [ J ] . (3.4-41)

The contravariant base vectors satisfy 
gα⋅g

β=δβ
α , α ,β=r , s (3.4-42)

or 
grx g x

r+gry g y
r=1, g rx g x

s +g ry gy
s=0

g sx g x
r g rx+g sy gy

r=0, g sx g x
s +g sy g y

s=1 , (3.4-43)

i.e. 

[ grx gry

gsx g sy][ g x
r g x

s

g y
r g y

s ]=[1 0
0 1 ] . (3.4-44)

Thus, the components of the contravariant base vectors can be obtained from

[ g x
r g x

s

gy
r g y

s ]=[ grs gry

g sx g sy]
−1
=[ J ]−1 . (3.4-45)

The linearized Green-Lagrange strain tensor is 

ϵij=
1
2 ( g i⋅u , j+g j⋅u ,i ) . (3.4-46)

The covariant transverse shear strains are 

ϵrz=
1
2 ( g r⋅u ,z+bz⋅u ,r ) , ϵsz=

1
2 (g S⋅u ,z+b z⋅u , s ) . (3.4-47)

With 
u (r , s , z)=ψ(r , s) z b x−ϕ(r , s )z b y+w(r , s )bz (3.4-48)

they read

ϵrz=
1
2 ( g rx ψ−g ryϕ+w ,r ) , ϵsz=

1
2 ( gsx ψ−g syϕ+w ,s ) . (3.4-49)
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For the quadrilateral element, grs, gry and w,r depend on s only. Thus, εrz is ap-
proximated by a function depending on s only. Likewise,  εsz is approximated
by a function depending on r only. εrz is obtained by interpolating its values at
the tying points A and C, and εsz by interpolating its values at the tying points
B and D (see Figure 3.4-1).
Point A: r = 0, s = -1

g rx
A=−1

2 x 1+
1
2 x2=

1
2 ( x2−x1 ) , g ry

A=1
2 (y2−y1) , wA ,r=

1
2 (w2−w1)

ϕA=1
2 ϕ1+

1
2 ϕ2=

1
2 (ϕ1+ϕ2 ) , ψA=1

2 (ψ1+ψ2 )

ϵrz
A= 1

4 (w2−w1−
1
2 (y2−y1)(ϕ1+ϕ2)+

1
2 (x 2−x 1)(ψ1+ψ2))

Point B: r = 1, s = 0

g sx
B =−1

2 x 2+
1
2 x3=

1
2 ( x3−x 2 ) , g sy

B =1
2 (y3−y2 ) , wB , s=

1
2 (w3−w2 )

ϕB= 1
2 ϕ2+

1
2 ϕ3=

1
2 (ϕ2+ϕ3 ) , ψB=1

2 (ψ2+ψ3 )

ϵsz
B= 1

4 (w3−w2−
1
2 (y3−y2)(ϕ2+ϕ3)+

1
2 (x 3−x 2)(ψ2+ψ3))

Point C: r = 0, s = 1

g rx
C =1

2 x3−
1
2 x 4=

1
2 ( x3−x 4 ) , gry

C =1
2 (y3−y4 ) , wC ,r=

1
2 (w3−w4 )

ϕC=1
2 ϕ3+

1
2 ϕ4=

1
2 (ϕ3+ϕ4 ) , ψC= 1

2 (ψ3+ψ4 )

ϵrz
C= 1

4 (w3−w4−
1
2 (y3−y4)(ϕ3+ϕ4)+

1
2 ( x3−x4)(ψ3+ψ4))

Point D: r = -1, s = 0

g sx
D=−1

2 x1+
1
2 x4=

1
2 ( x 4−x1 ) , g sy

D=1
2 (y4−y1 ) , wD , s=

1
2 (w4−w1 )

ϕD=1
2 ϕ1+

1
2 ϕ4=

1
2 (ϕ1+ϕ4 ) , ψD=1

2 (ψ1+ψ4 )

ϵsz
D= 1

4 (w4−w1−
1
2 (y4−y1)(ϕ1+ϕ4)+

1
2 ( x4−x1)(ψ1+ψ4))

In matrix notation, these equations read 
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[ϵrz
A

ϵsz
B

ϵrz
C

ϵsz
D ]=[ϵE ]= [ B SE ] [ uB ] . (3.4-50)

The covariant shear strains at the integration points are obtained by linear in-
terpolation: 

ϵrz (s)=
1
2 (1−s )ϵrz

A+ 1
2 (1+s )ϵrz

C

ϵsz (r )=
1
2 (1+ r )ϵsz

B + 1
2 (1−r )ϵsz

D
(3.4-51)

In matrix notation, Equation (3.4-51) reads 

[ϵS ]=[ϵrz
ϵsz ]=

1
2 [1−s 0 1+s 0

0 1+r 0 1−r ][ϵE ]= [ BS ][ϵE ] . (3.4-52)

Finally, from 
ϵαβ g

α⊗g β=ϵij b i⊗b j (3.4-53)

the Cartesian components of the engineering transverse shear strains are 

γ xz=2 ϵxz=2 ϵrz (g r⋅bx ) (g z⋅bz )+2 ϵsz (g s⋅b x ) ( g z⋅b z )
γyz=2 ϵyz=2 ϵrz (g r⋅b y ) (g z⋅bz )+2 ϵsz (g s⋅b y ) (g z⋅bz )

(3.4-54)

With

g r⋅bx=g x
r , g x

s⋅b x=g x
s , gr⋅b y=g y

r , g y
s⋅b y=g y

s , gz⋅b z=1
and Equation (3.4-45), Equation (3.1-44) reads 

[γ]=[γ xz
γyz ]=2 [ g x

r g x
s

g y
r gy

s ] [ϵrz
ϵsz ]=2 [J ]−1[ϵS ] . (3.4-55)

Combining results, the transverse shear strains at the integration points are
related to the bending displacements by 

[γ]=2 [ J ]−1 [ B S ] [ BSE ] [u B ]=[ B γ ] [uB ] (3.4-56)

where 

[ B γ ]=2 [J ]−1 [ B S ] [ B SE ] . (3.4-57)

Thus, the transverse shear stress part of the stiffness matrix of the quadrilat-
eral element is 

[ K s ]=h k S G∫
A

[ B γ ]T [ Bγ ]dA . (3.4-58)
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A similar approach is used for the  triangular element  [Lee & Bathe, 2004,
Lee, Noh & Bathe, 2007]. First, the covariant transverse shear strains at the
tying points A, B and C (see Figure 3.4-3) are computed.
Point A: r = 0.5, s = 0

g rx
A=x 2−x1 , g ry

A=y2−y1 , w A ,r=w2−w1 (cf.  Equations  (3.4-27) and  (3.4-
28))

ϕA=1
2 (ϕ1+ϕ2 ) , ψA=1

2 (ψ1+ψ2 )

ϵrz
A=1

2 (w2−w1−
1
2 (y2−y1) (ϕ1+ϕ2 )+

1
2 ( x 2−x1 ) (ψ1+ψ2 ))

Point B: r = 0, s = 0.5
g sx

B =x3−x1 , g sy
B=y3−y1 , wB , s=w3−w1 (cf.  Equations  (3.4-27) and  (3.4-

28))

ϕB= 1
2 (ϕ1+ϕ3) , ψB=1

2 (ψ1+ψ3 )

ϵsz
B=1

2 (w3−w1−
1
2 (y3−y1) (ϕ1+ϕ3 )+

1
2 ( x3−x1 ) (ψ1+ψ3))

Point C: r = 0.5, s = 0.5
g rx

C =x 2−x1 , g ry
C =y2−y1 , gsx

C =x3−x1 , g sy
C =y3−y1

wC ,r=w2−w1 , wC ,s=w3−w1

ϕC=1
2 (ϕ2+ϕ3 ) , ψC=1

2 (ψ2+ψ3 )

ϵrz
C= 1

2 (w2−w1−
1
2 (y2−y1 ) (ϕ2+ϕ3 )+

1
2 ( x2−x1 ) (ψ2+ψ3 ))

ϵsz
C=1

2 (w3−w1−
1
2 (y3−y1) (ϕ2+ϕ3)+

1
2 (x 3−x 1) (ψ2+ψ3))

The interpolation of the covariant shear strains reads 
ϵrz(s)=a+c s , ϵsz (r)=b−c r (3.4-59)

where 
a=ϵrz

A , b=ϵsz
B , c=ϵsz

B−ϵrz
A−ϵ sz

C +ϵrz
C . (3.4-60)

In matrix notation, Equations (3.4-60) read 
a=[ A ] [uB ] , b=[ B ] [uB ] , c=[C ] [u B ] , (3.4-61)

where 

3 Elements in Solid Mechanics 16/11/24



Mefisto 2.7 Theory Manual 53 Prof. Dr. Wandinger

[ A ]=1
2 [−1 −

y2−y1
2

x 2−x1
2 1 −

y2−y1
2

x2−x1
2 0 0 0] ,

[ B ]= 1
2 [−1 −

y3−y1
2

x3−x 1
2 0 0 0 1 −

y3−y1
2

x3−x 1
2 ] ,

[C ]= 1
4 [ 0 y2−y3 x 3−x 2 0 y3−y1 x1−x 3 0 y1−y2 x2−x1 ] .

(3.4-62)

Thus, the covariant shear strains at any point within the element can be com-
puted from 

[ϵS ]=[ϵrz
ϵsz ]=[ [ A ]+s [C ]

[ B ]−r [C ] ] [u B ] . (3.4-63)

Finally, as for the quadrilateral element, the Cartesian components of the en-
gineering transverse shear strains are obtained from Equation 3.4-55. Thus,
for the triangular element, 

[B γ ]=2 [J ]−1[ [ A ]+s [C ]
[ B ]−r [C ] ] . (3.4-64)

A dimensional analysis shows that the ratio of the transverse shear part of the
stiffness matrix to the bending stress part is 

h k S G‖∫
AE

[ Bγ ]T [ B γ ] dA‖

h3

12‖∫AE

[B κ ]T [ E M ] [ Bκ ] dA‖
=C ( LE

h )
2

(3.4-65)

where C is a problem dependent constant and LE is a typical element length.
Thus, to ensure convergence to the Kirchhoff theory when the element size is
decreased, the shear stress part must be scaled. This is achieved by multiply-
ing the shear modulus of the shear stress part by a factor 

s= x2

1+x2 +
1
x 2 (3.4-66)

where

x= λ
λ0

, λ=
LE

h and λ0=10 .

Stabilization of the drilling degrees of freedom

If the membrane part of the stiffness matrix is taken from the q4 or  t3 ele-
ment, then there is no stiffness for the drilling degrees of freedom. To prevent
singularities of the assembled stiffness matrix, fictitious beams are added to
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the edges of the elements which have a stiffness only for bending in the plane
of the element [Parisch, 1985]. This defines a stiffness matrix 

[K d ]=[2 kd −kd 0 −kd

−kd 2 kd −kd 0
0 −kd 2 kd −kd

−kd 0 −kd 2 kd
] (3.4-67)

for the drilling degrees of freedom where 
kd=αkMB . (3.4-68)

kMB is the mean bending stiffness of the element, i.e. the mean value of those
diagonal elements of the bending part of the stiffness matrix that are related
to rotational degrees of freedom, and α is a factor with a default value of 1 %.
In any case, the element still  has one spurious mode where the rotations
about the element normal at all nodes of the element have the same value.
To prevent this spurious mode it is sufficient to constrain the rotation at one
single node. The spurious mode is also prevented if at least one element is
connected to a beam element, or if not all elements are in the same plane.

3.4.5 Mass Matrix

Both the consistent and the lumped mass matrix are identical with that of the
corresponding membrane element.

3.4.6 Stresses and Stress Resultants

The bending and transverse shear stresses are obtained from Equation (3.4-
17). The bending stresses vary linearly with z. Thus, it is sufficient to compute
them at the upper and lower side of the element.
With Equations  (3.4-35) and  (3.4-36), the bending stresses and the trans-
verse shear stresses at the midpoint of the element can be computed from

[σB]=±h
2 [E M ] [ Bκ (r m , sm)] [uB ] , [ τB]=k S G [B γ(r m , sm) ] [uB ] . (3.4-69)

The membrane stresses have to be added to the bending stresses.
Normal forces  Nx,  Ny and  Nxy are obtained from the membrane stresses by
multiplying them with the shell thickness h.
The bending moments Mx, My and Mxy are obtained from 
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[ M x

M y

M xy
]= ∫

−h /2

h /2

[σB ] z dz= h3

12 [ E M ] [ B κ ] [ uB ]=h2

6 [σB (h /2)] (3.4-70)

and the transverse shear forces are computed from 

[Q x

Q y ]=h [ τB] . (3.4-71)
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4 Aerodynamic Methods

4.1 The Discrete Vortex Method

The Discrete Vortex Method is a numerical method to solve the integral equa-
tions of thin airfoil theory. A detailed description of the steady thin airfoil the-
ory can be found e.g. in [Karamcheti, 1980].

4.1.1 The Steady Discrete Vortex Method

In thin airfoil theory, the flow over an airfoil is approximated by a superposi-
tion of a uniform flow with the flow induced by a vortex distribution along the
chord line, see Figure 4.1-1. For the flow to be tangential to the camber line,
the vortex distribution  γ(x) has to satisfy the integral equation [Bisplinghoff,
1983, Moran, 1984]

1
v∞
∫
0

c γ(ξ)d ξ
ξ−x =2π( dz S

dx −α) (4.1-1)

together with the Kutta condition
γ(c)=0 (4.1-2)

where v∞ is the velocity of the undisturbed flow, α is the angle of attack and
zS(x) describes the camber line.
When the vortex distribution is known, the pressure difference coefficient can
be computed from [Bisplinghoff, 1983, Moran, 1984] 

Δ c P( x )=
pL( x )− pU (x )

q∞
=2 γ( x )

v∞
(4.1-3)

where pU is the pressure on the upper surface, pL is the pressure on the lower
surface and  q∞ is  the dynamic pressure of  the undisturbed flow. Equation
(4.1-3) shows that the Kutta condition is equivalent to requiring the pressure
difference to be zero at the trailing edge.
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In the discrete vortex method, the chord is subdivided into  N intervals. The
continuous vortex distribution is approximated by  N discrete vortices at the
quarter points of the intervals. The N vortex strengths Γn are determined such
that the boundary condition is satisfied at the control points located at the 3-
quarter-points of the intervals. The resulting system of N linear equations for
the vortex strengths reads: 

∑
n=1

N 1
xΓn−xCM

Γn

v∞
=2π( dzS

dx (x Cm)−α) , m=1 ,… , N (4.1-4)

Equation (4.1-4) can be solved for the vortex strengths Γn/v∞. Subsequently,
the coefficients of lift and moment can be computed from 

cL=
2
c∑n=1

N Γn

v∞
, cM 0

= 2
c2∑

n=1

N

( c
4−xΓ n) Γn

v∞
. (4.1-5)

Finally, an approximation of the pressure coefficient is given by 

Δ c P( xΓ n)≈
2

x n+1−x n

Γn

v∞
. (4.1-6)

4.1.2 The Time-Harmonic Discrete Vortex Method

If the circulation around the airfoil varies with time, Kelvin's theorem requires
vortices behind the airfoil.  In a linear method, these vortices are arranged
along the x-axis, see Figure 4.1-3.
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The boundary condition on the airfoil now reads 

2π( ż S

v∞
+

dz s

dx )= 1
v∞ (∫0

c γ(ξ , t )
ξ−x d ξ+∫

c

∞ γW (ξ , t )
ξ−x d ξ) (4.1-7)

Kelvin's circulation theorem [Karamcheti, 1980], applied to a fluid curve in the
wake,  yields,

γW ( x , t )=γW (c , t− x−c
v∞

) , x≥c (4.1-8)

i.e.  γW(x,  t) is completely determined by its value at the trailing edge (see
[Wandinger, 2023], Chapter 6.2 for a detailed derivation).
Applying Kelvin's circulation theorem to a fluid curve surrounding the airfoil,
we get 

γw(c , t )=− 1
v∞

d Γ0
dt (4.1-9)

where 

Γ0 (t )=∫
0

c

γ(x , t )dx (4.1-10)

is the circulation about the airfoil (see Chapter 6.2 of [Wandinger, 2023] for
details).
It the motion is time-harmonic with circular frequency ω, then

zS (x , t )=ℜ (Z (x )e iω t ) , ż S ( x , t)=ℜ (iω Z ( x )ei ω t )
γ( x ,t )=ℜ ( γ̂( x)e i ω t ) , γW ( x , t )=ℜ (γ̂W e iω t )

where Z is the complex amplitude of the vertical motion and γ̂  and  γ̂W  are
the complex amplitudes of the vortex distributions.
Now, from Equation (4.1-8), we get

γ̂W ( x )ei ω t=γ̂W (c )ei ω( t−(x−c )/v∞)=γ̂W (c )ei ωc /v∞e−i ω x /v∞ ei ω t .

With the reduced frequency 

k= ω c
2v∞

(4.1-11)

we obtain 
γ̂w( x )=γ̂W (c )e2 i k e−2 i k x / c (4.1-12)

Likewise, for a time-harmonic motion, Equation (4.1-9) reads

γ̂W (c)e
iω t=− iω

v∞
Γ̂0 ei ω t
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which, when written with the reduced frequency k, gives 

γ̂W (c)=−2 i k
Γ̂0
c

(4.1-13)

Combining Equations (4.1-7) to (4.1-13), the integral equation to be solved for
the vortex distribution reads [Bisplinghoff, 1983] 

2π(2 i k Z
c + dZ

dx )= 1
v∞ (∫0

c γ̂ (ξ)d ξ
ξ−x −2 i k e2 i k Γ̂0

c ∫c
∞ e−2 i k ξ/ c

ξ−x d ξ)
Γ̂0=∫

0

c

γ̂(ξ)d ξ
(4.1-14)

The pressure difference coefficient is obtained from 

Δ ĉ p(x )=
2
v∞ (γ̂ (x )+ 2 i k

c ∫
0

x

γ̂ (ξ)d ξ) . (4.1-15)

The wake integral, i.e. the infinite integral on the right-hand side of Equation
(4.1-14), can be written in a more convenient form. First,

I w( x )=∫
c

∞ e−2 i k ξ/ c

ξ−x d ξ=e−2 i k x /c∫
c

∞ e−2 i k(ξ−x)/c

2 i k(ξ−x) /c
2 i k

c d ξ .

Next, the substitution

t=
2 i k (ξ−x)

c , dt=2 i k d ξ
c , t 0=

2 i k (c−x)
c

yields

I w( x )=e−2 i k x /c∫
t 0

∞ e− t dt
t .

Finally, with the exponential integral [Abramowitz & Stegun, 1972,  Chapter
5.1, Formula 5.1.1]

E1(z)=∫
z

∞ e−t dt
t (4.1-16)

the wake integral takes the form 

I w( x )=e−2 i k x /c E 1( 2 i k(c−x)
c ) . (4.1-17)

As in the steady case, the continuous vortex distribution is approximated by
discrete vortices located at the quarter points of the intervals, and the bound-
ary condition is applied at the 3-quarter-points. Then, the system of equations
to be solved for the discrete vortices Γn reads 
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[
1

xΓ1−xC 1
⋯ 1

xΓN−xC 1
⋮ ⋱ ⋮
1

xΓ1−xC N
⋯ 1

xΓ1−xC N
][ Γ1/v∞

⋮
ΓN /v∞

]=2π [ W 1
⋮

W N
]+[ F 1

⋮
F N

] Γ0
v∞

[1 ⋯ 1 ] [ Γ1/v∞
⋮

ΓN /v∞
]=Γ0

v∞

(4.1-18)

or

[C ] [Γ ]=2 π [W ]+ [F ]
Γ0
v∞

[ S ] [Γ ]=
Γ0
v∞

(4.1-19)

where

F m=
2 i k

c e2 i k (c−xCm )/c E 1(2 i k (c−xCm)
c )

and

W m=
2 i k

c Z ( xCm)+
dZ
dx (xCm) .

Equations (4.2-19) can be rearranged to read

[C ] ( [I ]− [C ]−1 [ F ] [ S ] ) [Γ ]=2π [W ]

or 

[C u ] [Γ ]=2π [W ] (4.1-20)

where 

[C u ]= [C ]−[ F ] [ S ] (4.1-21)

is the unsteady matrix of aerodynamic influence coefficients. Only matrix [ F ]  
depends on the reduced frequency.
By the Frobenius-Schur-Woodbury identity (see e.g. [Falk, 1984]), the inverse
of [C u ]  is

[C u ]−1
=( [ I ]+ 1

r [F C ] [S ]) [C ]−1 (4.1-22)

where [F C ]=[C ]−1 [ F ]  and r=1− [ S ] [ F C ] .
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4.2 The Vortex Lattice Method

The  Vortex  Lattice  Method  (VLM)  is  an  extension  of  the  discrete  vortex
method to lifting surfaces. The discrete vortices are replaced by horseshoe
vortices. The bound vortex of the horseshoe lies in the plane of the lifting sur-
face, and the two free vortices are parallel to the x-axis.
To define the horseshoe vortices, the lifting surface is divided into vortex pan-
els. Vortex panels are quadrangles with a trapezoidal shape, with two of the
edges parallel to the x-axis. The bound vortex is along the quarter point line
of the panel, and a control point C is at the three-quarter point, cf. Figure 4.2-
1.

4.2.1 The Horseshoe Vortex

A horseshoe vortex consists of three parts:
1. a semi-infinite line ending at point A,  
2. a finite line from point A to point B and 
3. a semi-infinite line starting at point B. 

Now, consider a horseshoe vortex with vortex strength Γ = 1. By the Biot-Sav-
art law [Karamcheti, 1980], the velocity induced at point  P by the finite line
segment from A to B,  is 

vF (A , B , P )=− 1
4 π∫A

B (r P−s )×d s

|rP−s|
3 (4.2-1)
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(see Figure 4.2-2). With
s=r A+λ rAB , 0≤λ≤1 , d s=rAB d λ
r P−s=rP−rA−λ rAB=rAP−λ rAB

and

a=|rAB|2 , b=−2 rAB⋅r AP , c=|rAP|2

the integral reads 

vF (A ,B , P )= 1
4π (rAB×r AP )∫

0

1
d λ

(aλ2+b λ+c )3/ 2 (4.2-2)

Evaluation of the integral eventually leads to (see [Wandinger, 2023], chapter
4.2 for details)

vF (A ,B , P )= 1
4π

rAP×r BP
|rAP×rBP|

2 ( r AB⋅rAP|r AP|
−
rAB⋅r BP
|rBP| ) (4.2-3)

The contribution of the semi-infinite line starting at point B is obtained from
Equation (4.2-2) by letting the upper bound of the integral go to infinity. With

r AB=e x
for a semi-infinite line parallel to the x-axis, the result is

vS (B ,P )= 1
4π

ex×r BP
|ex×r BP|

2 (1+ex⋅ r BP|r BP|) (4.2-4)

Thus, the velocity induced by a horseshoe vortex with vortex strength Γ is
v (A , B , P )=Γ (vF (A , B ,P )+v S (B , P )−v S(A , P )) . (4.2-5)
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4.2.2 The Steady Vortex Lattice Method

The boundary condition on the lifting surface reads
w⋅n
v∞

=
d ζs

dx −αi−η−αez⋅n−βe y⋅n+αr (4.2-6)

where w is the velocity induced by all horseshoe vortices, n is the unit normal
vector of the lifting surface, v∞ is the velocity of the undisturbed flow, ζS is the
camber of the airfoil, αi is the rigging angle of incidence, η is the control sur-
face angle, α is the angle of attack, β is the sideslip angle, and αr contains the
contribution of the pitch, yaw and roll rates q, r and p. It is computed from 

αr=[(ex p
v∞

+e y
q
v∞

+ez
r

v∞
)×r ]⋅n (4.2-7)

where r is the vector from the reference point to the point on the lifting sur-
face. The left hand side of Equation (4.2-6) is known as normal wash.
The unknown vortex strengths Γn of the N horseshoe vortices are determined
such that the boundary condition  (4.2-6) is satisfied at the  N control points.
With 

C mn=nm⋅(vF (An , Bn , Cm )+v S(B n , C m)−v S(An ,C m)) (4.2-8)

 the system of equations to be solved reads 

∑
n=1

N

C mn
Γn

v∞
=
wm⋅nm

v∞
, m=1,… , N (4.2-9)

where nm is the normal vector of the m-th panel.
Once the vortex strengths Γn have been determined, the pressure coefficient
of the panel can be computed from 

Δ c pn=
2

Δ xn

Γn

v∞
(4.2-10)

where Δxn is the mean chord of the panel. The pressure on the panel is 
Δ pn=q∞Δ c pn . (4.2-11)

The lift perpendicular to the panel is given by 
Ln=Δ pn An (4.2-12)

where 
An=Δ xnΔ yL n (4.2-13)

is the area of the panel.  From equations  (4.2-10) to  (4.2-13) the following
equation is obtained for the lift:
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Ln=2 q∞Δ yL n
Γn

v∞
. (4.2-14)

In a static response analysis, the system of Equations (4.2-9) is solved to ob-
tain the primary results, i.e. the vortex strengths of the horseshoe vortices.
Panel results are computed from Equations (4.2-10) to (4.2-14).

4.2.3 The Time-Harmonic Vortex Lattice Method

The time-harmonic Vortex Lattice Method is obtained from the time-harmonic
discrete vortex method by replacing the discrete vortices by horseshoe vor-
tices, see Figure 4.2-3. The system of equations to be solved reads 

∑
n

C mn

Γ̂n

v∞
−2 i k∑

l
Cml

W Γ̂l
W

v∞
=
W m⋅nm

v∞

∑
μ
Γ̂μ−Γ̂l

W=0
(4.2-15)

where the index m ranges over the control points, the index n over the bound
vortices on the wing, index l over the vortex strips and index μ over the bound
vortices in the  l-th vortex strip.  Wm is the complex amplitude of the normal
wash at the m-th control point.
The  coefficients  Cmn are  identical  with  those  of  the  steady  Vortex  Lattice
Method. The coefficients C ml

W  describe the contribution of the wake of the l-th
vortex strip to the m-th control point. They are obtained from 
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C ml
W =∫

0

∞

nm⋅vml(ξ)e
−2 i k ξ /c d ξ (4.2-16)

where vml (ξ)  is the velocity induced at the m-th control point by a horseshoe
vortex with unit  vortex strength located at  a distance  ξ behind the trailing
edge of the l-th vortex strip. c is the reference chord length. Please note that,
in contrast to the discrete vortex method, variable ξ starts at the trailing edge,
see Figure 4.2-3. Therefore, the factor e2 i k  is missing in Equation (4.2-15).
With the dimensionless variable s=ξ/c  the position vectors of points A and B
of a horseshoe in the wake read, see Figure 4.2-3, 

r A=rD+c s e x , r B=rE+c s ex (4.2-17)
The vectors needed in Equations (4.2-3) and (4.2-4) to compute the velocity
at an arbitrary control point C are 

r AC=rC−rA=rC−rD−c s e x=rCP−c s e x
r BC=r EC−c s e x
r AB=rB−rA=rE−r D=rDE

(4.2-18)

With Equations (4.2-18), the dot products read 
e x⋅r AC=e x⋅r DC−c s
e x⋅r BC=e x⋅r EC−c s
r AB⋅rAC=rDE⋅rDC−rDE⋅e x c s
r AB⋅rBC=rDE⋅rEC−rDE⋅e x c s

(4.2-19)

In coordinates, Equations (4.2-19) read 
e x⋅r AC=x DC−c s
e x⋅r BC=x EC−c s
r AB⋅rAC=xDE x DC+yDE yDC+ zDE zDC−x DE c s
r AB⋅rBC=xDE x EC+yDE yEC+ zDE zEC−x DE c s

(4.2-20)

The cross products in Equations (4.2-3) and (4.2-4) are 
e x×rAC=ex×(rDC−c s ex )=e x×rDC
e x×rBC=ex×rEC

(4.2-21)

and 
r AC×r BC= (rDC−c s ex )× (rEC−c s e x )

=rDC×rEC−c s (ex×rEP+rDP×ex )
=rDP×rEC−c s e x× (rEC−rDC )
=rDP×rEC+c s ex×r DE

(4.2-22)

In coordinates, the cross products read:
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[ ex×rQC ]=[100 ]×[ xQC

yQC

zQC
]=[ 0

−zQC

yQC
] , Q=D , E (4.2-23)

[ rDC×rEC ]=[ xDC

yDC

zDC
]×[ x EC

yEC

zEC
]=[ yDC zEC− zDC yEC

zDC xEC−x DC zEC

xDC yEC−yDC x EC
] (4.2-24)

[ ex×r DE ]=[100 ]×[ x DE

y DE

zDE
]=[ 0

− zDE

yDE
] (4.2-25)

Finally, the norms in  Equations (4.2-3) and (4.2-4) are 

|rAC|
2=rAC⋅r AC=(rDC−c s ex)⋅(rDC−c s e x)=|rDC|

2−2 e x rDC c s+(c s)2

|rBC|
2=|rEC|

2−2 e x rEC c s+(c s)2

|rAC×r BC|2=(r DC×r EC+c s e x×rDE )⋅(rDC×rEC+c s e x×r DE)
=|rDC×r EC|2+2 c s (rDC×rEC )⋅(e x×rDE )+(c s)2|ex×r DE|2

=α0+α1 c s+α2(c s)2=α(s)

(4.2-26)

or, in coordinates, 

|r AC|
2=yDC

2 +z DC
2 +(x DC−c s)2

|r BC|
2=yEC

2 + zEC
2 +(x EC−c s)2 (4.2-27)

With these relations, the contribution of a semi-infinite wake vortex line start-
ing at trailing edge point Q (Q = D, E) is (cf. Equation (4.2-4))

vS (Q ,C )= 1
4π

ex×rQC
|ex×rQC|2

I S (Q , C ) (4.2-28)

where 

I S (Q ,C )=∫
0

∞

(1+ x QC−c s

√yQC
2 + zQC

2 +( xQC−c s)2 )e−2 ik s ds (4.2-29)

From Equation (4.2-3), the contribution of the finite vortex lines behind trailing
edge segment DE is obtained as 

vF (D , E ,C )=
rDC×rEC

4π I F 1(D , E ,C )+
ex×rDE

4π I F 2(D , E , C ) (4.2-30)

where 
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I F 1(D , E , C )=∫
0

∞ β(s)
α (s)

e−2 i k s ds (4.2-31)

and 

I F 2(D , E , C )=∫
0

∞ c sβ(s)
α(s )

e−2 i k s ds (4.2-32)

with 

β(s)=
r AB⋅rAC
|rAC|

−
r AB⋅rBC
|rBC|

=
xDE x DC+yDE yDC+zDE zDC−x DE c s

√yDC
2 + zDC

2 +( x DC−c s)2

−
xDE xEC+yDE yEC+ zDE zEC−x DE c s

√yEC
2 +zEC

2 +( x EC−c s )2

(4.2-33)

Section 4.2.4 describes how the integrals in Equations (4.2-29), (4.2-31) and
(4.2-32) can be evaluated numerically.
Equations (4.2-15) build a system of equations to determine the unknown vor-
tex strengths Γ̂mn  and Γ̂n

W .

With the matrices 

Γ̂= 1
v∞

[ Γ̂1 ⋯ Γ̂N ]T , Γ̂W= 1
v∞

[ Γ̂1
W ⋯ Γ̂N S

W ]T (4.2-34)

where N is the number of vortex panels and NS the number of vortex strips,
and 

[W ]= 1
v∞

[W 1⋅n1 ⋯ W N⋅nN ]T (4.2-35)

the first of Equations 4.2-15 becomes 

[C ] [Γ̂ ]−[F (k)] [Γ̂W ]=[W ] . (4.2-36)

Matrix [C] is defined by the first sum on the left side of Equation (4.2-15) and
matrix [F(k)] by the second. Matrix [C] is identical with the corresponding mat-
rix of the steady Vortex Lattice Method.
In matrix notation, the second of Equations (4.2-15) reads 

[Γ̂W ]= [ S ] [Γ̂ ] (4.2-37)

where [S] is a summation matrix. The rows of matrix [S] correspond to the vor-
tex strips and the columns to the bound vortices. The n-th row contains 1 in
the columns corresponding to bound vortices in the n-th vortex strip, and 0 in
all other columns.
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Inserting Equation (4.2-37) into Equation (4.2-36) results in

( [C ]−[ F (k) ] [ S ] ) [Γ̂ ]=[W ] (4.2-38)

By the Frobenius-Schur-Woodbury identity (see e.g. [Falk, 1984]), the inverse
of the unsteady matrix of aerodynamic influence coefficients 

[C u ]= ( [C ]−[F (k) ] [S ] ) (4.2-39)

reads

[C u ]−1
= ( [ I ]+ [ FC (k )] [R(k) ]−1

[S ] ) [C ]−1 (4.2-40)

where [F C (k))= [C ]−1 [F (k)]  and [R (k) ]= [I ]− [S ] [F C (k)] .
Once the vortex strengths are known, the pressure coefficient can be com-
puted from

Δ ĉ Pmn=2( 1
x m+1−xm

Γ̂mn

v∞
+ 2 i k

c ref
∑
l=1

m−1 Γ̂ ln

v∞ ) , 1≤m≤M Bn , 1≤n≤S (4.2-41)

where MBn is the number of bound vortices in the n-th vortex strip and S is the
number  of  vortex  strips.  Equation  (4.2-41) is  obtained  from the  unsteady
Bernoulli  equation, also known as Kelvin's equation (see e.g. [Bisplinghoff,
1983]), by linearization and discretization. 
Then, the aerodynamic forces perpendicular to the lifting surface are given by

Lmn
A =q∞Δ ĉ Pmn Amn (4.2-42)

where Amn is the area of the m-th panel of the n-th vortex strip. In matrix nota-
tion, these equations read 

[LV
A ]=q∞ ( [G1 ]+i k [G 2 ] ) [Γ̂ ] (4.2-43)

where matrix [G1] is defined by the first term of Equation (4.2-41) and matrix
[G2] by the second.

4.2.4 Evaluation of the Wake Integrals

The integrals in Equations (4.2-29), (4.2-31) and (4.2-32) are of the form 

I=∫
0

∞

f (s )e−2 i k s ds . (4.2-44)

In [Filon,  1929] and [Tuck,  1967], quadrature formulas for  integrals of this
type are presented. The basic idea is to approximate f(s) by piecewise poly-
nomials that can be integrated analytically. The original paper of Filon uses a
quadratic interpolation whereas Tuck uses a linear interpolation.
Mefisto currently uses a linear interpolation. As f(s) strongly varies with s for
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control points near the trailing edge, the formulas given by Tuck for a regular
grid with equidistant points are extended to an arbitrary grid.
Let [sn, sn+1] be an interval of the s-axis of size h n=sn+1−sn . Within this interval,
f(s) is approximated by 

f (s )≈P L(s)=Ln 1
L (s)yn+Ln 2

L (s)yn+1 (4.2-45)

where yn=f (sn) , yn+1=f (sn+1) and 

Ln1
L (s)=

sn+1−s
hn

, Ln 2
L (s)=

s−sn

h n
(4.2-46)

Then, 

I n=∫
s n

s n+1

f (s)e−2 i k s ds≈∫
s n

s n+1

P L(s)e
−2 i k s ds=ln 1 yn+ln 2 y2 (4.2-47)

where 

ln 1=∫
s n

s n+1

Ln1
L (s)e−2 i k s ds= 1

h n
∫
sn

sn+1

(sn+1−s)e−2 i k s ds (4.2-48)

and 

ln 2=∫
s n

s n+1

Ln 2
L (s)e−2 i k s ds= 1

h n
∫
sn

sn+1

(s−sn)e
−2 i k s ds (4.2-49)

With

∫
s n

s n+1

e−2 i k s ds=−1
2 i k (e−2 i k s n+ 1−e−2 i k s n )= i

2 k (e−2 i k s n+1−e−2 i k sn )

and

∫
s n

s n+1

s e−2 i k s ds=[ e−2 i k s

(−2 i k)2 (−2 i k s−1)]s=sn

s=sn+1

= 1
(2 k)2 ((2 i k sn+1+1)e−2 i k sn+1−(2 i k sn+1)e−2 i k s n)

the coefficients ln1 and ln2 read 

ln 1=
i sn+1
2 k hn

(e−2 i k s n+1−e−2 i k sn )− 1
(2 k)2 h n

((2 i k sn+1+1)e−2 i k s n+ 1−(2 i k sn+1)e−2 i k s n )

= 1
(2 k )2 hn

(e−2 i k s n−2 i k (sn+1−sn)e−2 i k s n−e−2 i k sn+ 1)

and
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ln 2=
1

(2 k )2 hn

((2 i k sn+1+1)e−2 i k s n+ 1−(2 i k sn+1)e−2 i k s n)− i sn

2 k hn
(e−2 i k sn+1−e−2 i k s n)

= 1
(2 k)2 h n

(2 i k (sn+1−sn)e
−2 i k sn+1+e−2 i k s n+1−e−2 i k sn )

With
e−2 i k sn+1=e−2 i k s n e−2 i k hn

the following result is obtained for the coefficients: 

ln 1=
e−2 i k s n

(2 k )2 hn

(1−2 i k hn−e−2 i k hn )

ln 2=
e−2 i k s n+ 1

(2 k)2 hn

(1+2 i k hn−e2 i k hn )
(4.2-50)

Summing up the contributions of all  N intervals, the integral is approximated
by 

I≈∑
n=1

N

I n=∑
n=1

N+1

yn wn e−2 i k sn (4.2-51)

where the weights are given by 

w1=
1−2 i k h1−e−2 i k h1

4 k2 h1

wn=
1+2 i k h n−1−e2 i k hn−1

4 k2 hn−1
+

1−2 i k hn−e−2 i k hn

4 k2 hn

, n=2,… , N

wN+1=
1+2 i k hN−e2 i k hN

4 k2 hN

(4.2-52)

In the special case that all intervals have the same size, i.e. hn = h, the formu-
las agree with those derived in [Tuck, 1967].
In Mefisto, two different grids are used. In the regular grid, all intervals have
the same size  h=1/ n  where  n =  opts.nx. For control points on the lifting
surface attached to the trailing edge processed, a graded grid is used in the
interval 0≤ s≤1 . This grid is defined as follows:

1) h1=xmin /(c m1)  where xmin is the smallest distance of a control point from
the trailing edge and m1 = opts.m1

2) h n+1=r hn , hN=rN−1 h1=h

3) ∑
n=1

N

h n=h1∑
n=1

N−1

r n=h1
r N−1
r−1 =1

From these conditions,  N and r can be determined. First, the second condi-

4 Aerodynamic Methods 16/11/24



Mefisto 2.7 Theory Manual 71 Prof. Dr. Wandinger

tion yields

r N−1= h
h1

.

Then, the third condition can be written in the form

r−1=h1(r h
h1
−1)=r h−h1

leading to

r=
1−h1
1−h .

Then, N is the smallest integer such that

N>1+ ln (h /h1)
ln(r )

4.3 Rigid Trim Analysis

The trim analysis determines the values of the trim parameters needed to fly
a specific manoeuvre. In a rigid trim analysis, the aircraft is considered to be
rigid.
The trim parameters include the configuration parameters

[uK ]=[α β p /v∞ q /v∞ r /v∞ η1 ⋯ ηK ]T

and the rigid body accelerations
[aR ]= [a x ay az ṗ q̇ ṙ ]T .

The trim parameter matrix [t] contains both of these matrices: 

[ t ]=[ [aR ]
[uK ] ] (4.3-1)

Let matrix [l0] contain those loads that do not depend on the aerodynamics,
and matrix [lA] the aerodynamic loads. Then, the dynamic equilibrium reads 

[ R ]T ( [ l0 ]+ [ lA ] )− [M RR ] [aR ]=[0 ] (4.3-2)

where matrix [R] describes the six rigid body motions. The first three columns
contain the velocities due to unit translations in x-, y- and z-direction, and the
remaining three columns the velocities due to unit rotations about the  x-,  y-
and z-axis. Matrix [MRR] is the rigid body mass matrix of the rigid aircraft.
In a linear trim analysis, the aerodynamic loads are assumed to depend lin-
early on the configuration parameters, i.e. 
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[ lA ]=q∞ ( [q0 ]+ [QK ] [uK ]) . (4.3-3)

Matrix [q0] contains the aerodynamic loads due to the camber and the rigging
angle of incidence. Matrix [QK] describes the linear dependence of the aero-
dynamic loads from the configuration parameters. Both matrices can be com-
puted by the Vortex Lattice Method, using the normal wash due to unit values
of the configuration parameters.
With Equation (4.3-3), Equation (4.3-2) reads 

[ M RR ] [aR ]−q∞ [ R ]T [QK ] [uK ]=[RT ] ( [ l0 ]+q∞ [q0 ]) . (4.3-4)

With the trim matrix

[T ]=[ [M RR ] −q∞ [ R ]T [Q K ] ] (4.3-5)

Equation (4.3-4) can be written 

[T ] [ t ]=[ R ]T ( [ l0 ]+q∞ [q0 ] ) . (4.3-6)

This is a system of six linear equations that can be solved for six unknown
trim parameters. The values of the remaining trim parameters must be spe-
cified. They define the manoeuvre to be analysed.
The definition of  some more sophisticated manoeuvres may include linear
constraints

[C ] [ t ]=[ r ] (4.3-7)
between the trim parameters. Then, the number of unknown trim parameters
is increased by the number of linear constraints. The unknown trim paramet-
ers can be obtained by solving the combined system of linear equations 

[ [T ]
[C ]] [ t ]=[ [ R ]T ( [ l0 ]+q∞ [q0 ] )

[ r ] ] . (4.3-8)
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5 Methods in Aeroelasticity

5.1 Splines

Splines transfer  the displacements  of  the solid  model  to  the aerodynamic
model and the aerodynamic loads to the solid model.  The torsion-bending
spline assumes that the motion of a lifting surface mainly consists of a bend-
ing motion combined with torsion.
Splines are defined in the local coordinate system of the lifting surface. The x-
axis of the lifting surface coincides with the global x-axis. The zL-axis is per-
pendicular to the lifting surface and defines its upper side. The  yL-axis is in
spanwise direction (see Figure 5.1-1).
The structural displacement un=u⋅n  normal to the lifting surface is approxim-
ated by 

un( x , yL)=b (yL)−x θ(yL) . (5.1-1)
Function b(yL) describes the bending and function θ(yL) the torsion about the
yL-axis. These functions are cubic splines.
To define the cubic splines, the  yL-axis is divided into  N intervals  [yLn-1,  yLn].
The N+1 functions Bn(yL) are cubic splines that satisfy 

Bn(yL n)=1 , Bn(yL m)=0  for n≠m , n=0 ,… , N . (5.1-2)
With the matrices 

[ B (yL) ]=[ B0(yL) ⋯ BN (yL)]
[b ]=[ b0 ⋯ bN ]T , [θ ]= [θ0 ⋯ θN ]T

(5.1-3)

Equation (5.1-1) reads 
un( x , yL)=[B (yL)] ( [b ]−x [θ ] ) . (5.1-4)
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Matrices [b] and [θ] are determined so that the structural displacements are
best approximated in the sense of least squared errors.
Let  uk=u (x k , yL k , zL k)  be the displacements at  K nodal points of  the solid
model. Then, matrices [b] and [θ] are determined from 

∑
k

(uk⋅n−un(x k , yL k ))
2=Min . (5.1-5)

With the matrices 

[uS ]L=[ n⋅u1⋮
n⋅uK] , [H S ]=[ [ B (y L 1)] −x1 [ B (yL 1)]

⋮ ⋮
[ B (yL K )] −x K [ B (yL K )]] , [h ]=[ [b ]

[θ ] ] (5.1-6)

Equation (5.1-5) reads 

( [uS ]L−[ H S ] [ h ] )T ( [uS ]L−[H S ] [h ])=Min . (5.1-7)

which is equivalent to 

[H S ]T [H S ] [ h ]= [H S ]T [uS ]L . (5.1-8)

With the QR-decomposition

[H S ]=[ QH ] [ RH ] (5.1-9)

the solution of Equation (5.1-8) is 

[ h ]=[RH ]−1 [QH ]T [u S ]L . (5.1-10)

Now, let  [aS] be a Boolean matrix that extracts the displacements of those
nodal points of the solid model that are involved in the spline from the matrix
of all solid displacements, and 

[ P ]=[ [n ]T ⋯ [0 ]
⋮ ⋱ ⋮
[0 ] ⋯ [n ]T ] (5.1-11)

the projection matrix normal to the lifting surface. Then, 

[uS ]L=[ P ] [aS ] [ uG ] (5.1-12)

where matrix  [uG] contains the displacements of all nodal points of the solid
model. With the spline matrix 

[ ShG ]= [ RH ]−1 [ QH ]T [ P ] [a S ] (5.1-13)

the spline coefficients are related to the solid displacements by 
[ h ]=[ S hG ] [uG ] . (5.1-14)

According to Equation (4.2-6), the normal wash at control point m due to the
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elastic deformation is 
wm

E

v∞
=
∂ (n⋅uCm )

∂ x =
∂un

∂ x (x Cm , yL Cm)=−[B (yL Cm)] [θ ] . (5.1-15)

With the matrices 

[wE ]L= 1
v∞ [w1

E

⋮
wM

E ] , [ Dh
1 ]=[ [0 ] −[ B (yL C 1)]

⋮ ⋮
[0 ] −[B (y L CM)] ] (5.1-16)

Equation (5.1-15) reads

[wE ]L= [Dh
1 ] [ h ] . (5.1-17)

For unsteady problems, the complex normal wash is obtained from 

[W E ]L=( [D h
1 ]+2 i k [D h

2 ]) [H ] (5.1-18)

where matrix  [H] contains the complex spline coefficients,  k is the reduced
frequency and matrix

[D h
2 ]= 1

c ref [ [B (yL 1)] −x1 [B (yL 1)]
⋮ ⋮

[B (yL N )] −x N [B (yL N)] ] (5.1-19)

relates the displacements at the control points normal to the lifting surface to
the spline coefficients.
The virtual work of the aerodynamic loads on the aerodynamic model must be
the  same as  the  virtual  work  of  the  aerodynamic  loads  on  the  structural
model: 

[~u V ]L
T [ lV

A ]L=[~u G ]T [ lG
A ] (5.1-20)

Matrix  [~u V ]L  contains the virtual displacements of the vortex points, i.e. the
mid points of the bound vortices of the horseshoe vortices, in the local co-
ordinate system of  the lifting surface, matrix  [~u G ]  contains the virtual  dis-
placements of the nodal points of the solid model, matrix  [ lV

A ]L  contains the
aerodynamic loads at the vortex points with respect to the local coordinate
system of the lifting surface, and matrix [ lG

A ]  contains the aerodynamic loads
at the nodal points of the solid model.
The virtual displacements of the vortex points are related to the virtual spline
coefficients [~h ]  by 
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[~u V ]L=[SVh ] [~h ] (5.1-21)

where 

[ SVh ]=[ H V ]=[ [B (y LV 1)] −x1 [B (yL V 1)]
⋮ ⋮

[B (yL VM )] −xM [ B (yL VM )]] (5.1-22)

and 

[~h ]=[S hG ] [~u G ] . (5.1-23)

Inserting of Equations (5.1-21) and (5.1-23) into Equation (5.1-20) yields 

[~u G ]T [S hG ]T [ SVh ]T [lV
A ]L=[~u G ]T [ lG

A ] ∀ [~u G ] . (5.1-24)

Thus, the aerodynamic loads on the solid model can be computed from

[ lG
A ]= [ ShG ]T [ SVh ]T [ lV

A ]L . (5.1-25)

Mefisto computes and stores the matrices [ShG], [SVh], [D1
h] and [D2

h] as well as
matrix  [Snh] which can be used to compute the displacements at the panel
corner nodes. Because the number of spline coefficients is usually small, the
size of these matrices is small.

5.2 Steady Aerodynamic Matrices

The aerodynamic loads depend on the camber and the rigging angle of incid-
ence, on the configuration parameters and on the elastic deformation. For
small  perturbations,  this  dependence is  linear  and is  expressed using the
aerodynamic matrices:

[ lG
A ]=q∞ ( [ qG

0 ]+[QG
K ] [uK ]+ [ QG G ] [uG ] ) (5.2-1)

• Matrix  [qG
0 ]  contains the aerodynamic loads on the solid  due to the

camber and the rigging angle of incidence.

• Matrix  [QG
K ]  relates  the  configuration  parameters [uK]  to  the  aerody-

namic loads on the solid.
• Matrix [QG G ]  relates the elastic displacements of the solid to the aero-

dynamic loads on the solid.
The aerodynamic loads are computed from the normal wash using the equa-
tions of the Vortex Lattice Method. In the lifting surface coordinate system,
the normal wash reads 

[w ]L=[w0 ]L+ [D K
1 ] [uK ]+ [DG

1 ] [ uG ] (5.2-2)
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where [w0 ]L  is the normal wash due to the camber and the rigging angle of in-
cidence, matrix [D K

1 ]  computes the contribution of the configuration paramet-
ers, and matrix [D G

1 ]  computes the contribution of the elastic deformation to
the normal wash.

Matrix [w0 ]L  reads (cf. Equation (4.2-6))

[w0 ]L=[
d ζS

dx (xC 1 , yL C 1)−αi 1

⋮
d ζ S

dx (x C N , yL C N)−αi N
] (5.2-3)

where ζS  (x,  yL) describes the camber in the lifting surface coordinate system,
N is the number of panels and αin is the rigging angle of incidence of panel n.

The entries of matrix [D K
1 ]  are defined as follows (cf. Equations  (4.2-6) and

(4.2-7)):
• Angle of attack α: −e z⋅n=−n z

• Sideslip angle β: −e y⋅n=−ny

• Roll rate p: (yC−yR ) n z−( zC−zR ) ny

• Pitch rate q: (zC−zR ) nx− ( xC−x R ) nz

• Yaw rate r: ( xC−x R ) ny− (yC−yR ) n x

• Control surfaces: −f

xR, yR and zR are the coordinates of the reference point for the rigid body mo-
tion, and f is the control surface factor as defined in the input data.

Matrix [D G
1 ]  is computed from the spline matrices: 

[D G
1 ]=[ Dh

1 ] [ShG ] (5.2-4)

Matrix 

[Γ ]= 1
v∞

[Γ1 ⋯ ΓN ]T (5.2-5)

containing the vortex strengths is computed from the normal wash by solving
the system of equations 

[C ] [Γ ]=[w ]L (5.2-6)
where 
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[C ]=[ v 11⋅n1 ⋯ v1N⋅n1
⋮ ⋱ ⋮

vN 1⋅nN ⋯ vN N⋅nN ] (5.2-7)

(cf. Equation (4.2-9)).
The aerodynamic force on one panel is obtained from 

Ln=2 q∞ (yLBn−yLAn )
Γn

v∞
(5.2-8)

(cf. Equation  (4.2-14)).The aerodynamic force is perpendicular to the lifting
surface, i.e. the other two components are zero. Thus, in the lifting surface
coordinate system, the matrix of aerodynamic loads is given by 

[ lV
A ]L=2 q∞[ (yLB 1−yLA 1 )Γ1/v∞

⋮
(yLBN−yLAN )ΓN /v∞

]=q∞ [G ] [Γ ] (5.2-9)

with 

[G ]=2 [yLB 1−yLA1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ yLBN−yLBN

] . (5.2-10)

By combining the equations, the following equations are obtained to compute
the aerodynamic matrices: 

[qG
0 ]= [ShG ]T [ SVh ]T [G ] [C ]−1 [w0 ]L

[QG
K ]= [ ShG ]T [ SVh ]T [G ] [C ]−1 [D K

1 ]
[Q G G ]=[ S hG ]T [ S Vh ]T [G ] [C ]−1 [ DG

1 ]
(5.2-11)

The matrices are computed as follows:

(1) [ [qh
0 ] [Q h

K ] [ Qhh ] ]=( [ Svh ]T [G ] ) [C ]−1 [ [w0 ]L [ DK
1 ] [ Dh

1 ] ]
(2) [ [qG

0 ] [QG
K ]]=[S hG ]T [ [qh

0 ] [Qh
K ]]

(3) [QG G ]=[S hG ]T [ Q hh ] [ShG ]

5.3 Static Response

In a static response analysis, all configuration parameters are specified by the
user. The analysis determines the deformation of  the solid and the vortex
strengths.  From these primary results, secondary results like stresses and
aerodynamic pressure can be computed. The solid is assumed to be con-
strained so that rigid body motions are prevented.
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The equation to be solved is 

[ K L L ] [uL ]=[ l L
A] . (5.3-1)

With 

[ lL
A ]=q∞ ( [qL

0 ]+ [Q L
K ] [uK ]+ [ QL L ] [uL ] ) (5.3-2)

Equation (5.3-1) reads 

( [K L L ]−q∞ [QL L ] ) [ uL ]=q∞ ([ qL
0 ]+ [QL

K ] [uK ]) (5.3-3)

or 

( [ I L L ]−q∞ [K L L ]−1 [Q L L ] ) [ uL ]=q∞ [ K L L ]−1 ( [q L
0 ]+ [Q L

K ] [uK ] ) (5.3-4)

where [ I L L ]  is the unit matrix.
With 

[uL
0 ]=q∞ [ K L L ]−1 ( [qL

0 ]+ [QL
K ] [uK ] ) (5.3-5)

and 

[ K L L ]−1 [QL L ]= [ K L L ]−1 [ S hL ]T [Q hh ] [ Shl ]= [QLh ] [ ShL ] (5.3-6)

(cf. Section 5.2) where 

[Q Lh ]= [ K L L ]−1 [ ShL ]T [Q hh ] (5.3-7)

Equation (5.3-4) reads 

( [ I L L ]−q∞ [Q Lh ] [ S hL ] ) [ uL ]= [uL
0 ] . (5.3-8)

Equation (5.3-8) can be solved efficiently using the Frobenius-Schur-Wood-
bury identity (see e.g. [Falk, 1984]) 

( [ I L L ]−q∞ [QLh ] [ S hL ] )−1=[ I L L ]+q∞ [ QLh ] [ Rhh ]−1 [ ShL ] (5.3-9)

where 
[ Rhh ]=[ I hh ]−q∞ [ S hL ] [Q Lh ] . (5.3-10)

The solution is 

[uL ]= [u L
0 ]+q∞ [Q Lh ] [ Rhh ]−1 [ S hL ] [u L

0 ] . (5.3-11)

Alternatively, Equation (5.3-8) can be solved iteratively using a biconjugate
gradient method (see e.g. [Saad, 2003]).
Once the displacements  [uL ]  have been calculated, the vortices can be de-
termined from 

[C ] [Γ ]=[w0 ]L+ [D K
1 ] [uK ]+ [D L

1 ] [uL ] (5.3-12)

5 Methods in Aeroelasticity 16/11/24



Mefisto 2.7 Theory Manual 80 Prof. Dr. Wandinger

(cf. Equations (5.2-2) and (5.2-6)).

5.4 Static Divergence

If the matrix on the left hand side of Equation (5.3-3) is singular, there is no
unique solution of this equation. This is equivalent to equation

( [ K L L ]−q∞ [QL L ] ) [ uL ]= [0 ] (5.4-1)

having non-trivial solutions. Equation (5.4-1) is a non-symmetric linear eigen-
value problem. Its lowest positive real eigenvalue is the dynamic pressure at
which static divergence occurs. Negative real eigenvalues and complex ei-
genvalues have no physical meaning.

5.5 Trim Analysis

The linear equation of motion of the flexible aircraft reads 

[ M GG ] [ üG ]+ [ D GG ] [ u̇G ]+ [ K GG ] [uG ]=[ lG
0 ]+ [ lG

A ] . (5.5-1)

The first term on the left side of this equation describes the inertia loads, the
second the damping loads and the third the elastic loads. The first term on
the right side describes the loads that do not depend on the aerodynamics,
and the second the aerodynamic loads.

The displacements can be subdivided into a rigid body motion  [uG
R ]  and an

elastic deformation [uG
E ]  relative to the rigid body motion: 

[uG ]= [uG
R ]+ [uG

E ] (5.5-2)

In a trim analysis, the elastic loads as well as the aerodynamic loads are as-
sumed to be constant in time. Consequently, the elastic deformation must be
constant in time. Thus, 

[ u̇G ]= [ u̇G
R ] , [ üG ]=[ üG

R ] . (5.5-3)

With 

[ DG G ] [ u̇G
R ]=[ 0 ] , [ K G G ] [uG

R ]= [0 ] (5.5-4)

and 

[ üG
R ]=[RG ] [aR ] (5.5-5)

(cf. Section 4.3) Equation (5.5-1) reads 

( [ K G G ]−q∞ [ QG G ] ) [uG
E ]=[ lG

0 ]− [ MG G ] [ RG ] [aR ]+q∞ ([qG
0 ]+ [QG

K ] [uK ] ) (5.5-6)

where Equation (5.2-1) has been used for the aerodynamic loads. The influ-
ence of the rigid body motion on the aerodynamic loads is included in the
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configuration parameters, i.e. the angle of attack and the sideslip angle.
In Equation (5.5-6), apart from the elastic displacements, also six of the trim
parameters are unknown.
An additional set of six equations is obtained by projecting Equation  (5.5-6)
onto the rigid body motion: 

[M R R ] [aR ]−q∞ [ RG ]T ( [QG
K ] [uK ]+ [ QG G ] [uG

E ])=[ RG ]T ([ lG
0 ]+q∞ [qG

0 ]) (5.5-7)

In contrast to the rigid trim equation (4.3-4), Equation (5.5-7) also contains the
elastic displacements and hence can be solved only together with Equation
(5.5-6).

5.5.1 Restrained Trim Analysis

The subdivision of the motion into a rigid body motion and an elastic deforma-
tion is not unique. The elastic deformation is the motion relative to a coordin-
ate system that follows the rigid body motion.
In a restrained analysis, the elastic deformation is relative to a restrained co-
ordinate system that is rigidly connected to the aircraft at six degrees of free-
dom. These degrees of freedom have to be selected such that they define
statically determinate supports, preventing rigid body motions. The elastic de-
formation at these degrees of freedom is zero.
Let subscript L denote the remaining local degrees of freedom. Then, Equa-
tion (5.5-6) reads 

( [ K L L ]−q∞ [QL L ] ) [uL
E ]R= [l L

0 ]−[ M L G ] [ RG ] [aR ]+q∞ ([q L
0 ]+ [QL

K ] [uK ]) (5.5-8)

The subscript  R of matrix  [uL
E ]R  indicates that this matrix contains the com-

ponents of the elastic deformation relative to a restrained coordinate system.
Unless in case of static divergence (cf. Section 5.4), the matrix on the left side
is invertible. Thus, the elastic displacements can be computed from 

[uL
E ]R= ([ K L L ]−q∞ [QL L ] )−1 ( [ lL

0 ]− [M L G ] [RG ] [aR ]+q∞ ( [qL
0 ]+ [QL

K ] [uK ] )) . (5.5-9)

With 

[uL
0 ]=( [ K L L ]−q∞ [Q L L ] )−1 ( [ l L

0 ]+q∞ [qL
0 ] ) (5.5-10)

and 

[U L T ]=( [K L L ]−q∞ [QL L ] )−1 [ [M L G ] [RG ] −q∞ [QL
K ] ] (5.5-11)

the elastic deformation can be written as

[uL
E ]R= [u L

0 ]− [U L T ] [ t ] (5.5-12)
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where matrix [ t ]  contains the trim parameters (see Equation (4.3-1)).
Equations (5.5-10) and (5.5-11) can be evaluated efficiently using the Frobe-
nius-Schur-Woodbury identity (see e.g. [Falk, 1984]). With 

[QLh ]= [ K L L ]−1 [ ShL ]T [Q hL ] (5.5-13)

the inverse matrix reads 

( [K L L ]−q∞ [Q L L ] )−1=( [ I L L ]+q∞ [QLh ] [ Rhh ]−1 [ ShL ] ) [K L L ]−1 (5.5-14)

where 
[ Rhh ]=[ I hh ]−q∞ [ S hL ] [ Q Lh ] (5.5-15)

(cf. Section 5.3).
Inserting of Equation (5.5-12) into the trim equation (5.5-7) yields 

[ M R R ] [aR ]−q∞ [ RG ]T [Q G
K ] [uK ]+q∞ [RG ]T [Q G L ] [ U L T ] [ t ]

= [ RG ]T ( [ lG
0 ]+q∞ ([qG

0 ]+ [QG L ] [uL
0 ])) . (5.5-16)

With the flexible trim matrix

[T F ]=[ [M R R ] −q∞ [ RG ]T [QG
K ] ]+q∞ [ RG ]T [ QG L ] [U L T ] (5.5-17)

Equation (5.1-13) reads 

[T F ] [ t ]=[ RG ]T ( [lG
0 ]+q∞ ([qG

0 ]+ [QG L ] [uL
0 ])) . (5.5-18)

This system of six equations can be solved for six of the trim parameters. As
in case of a rigid trim analysis, the values of the remaining trim parameters
must be specified. They define the manoeuvre to be analysed.

5.5.2 Unrestrained Trim Analysis

In  an unrestrained  trim analysis,  the elastic  deformation  is  relative  to  the
mean axis system. The mean axis system has its origin at the centre of mass
of the deformed aircraft and rotates with the principal axes of inertia. This is
equivalent to the constraint 

[ RG ]T [M G G ] [uG
E ]M=[0 ] . (5.5-19)

The subscript  M of matrix  [uG
E ]M  indicates that this matrix contains the com-

ponents of the elastic deformation relative to the mean axis system.
The elastic deformation relative to the mean axis system differs from that rel-
ative to a restrained coordinate system by a rigid body motion only. Thus, 

[uG
E ]M=[uG

E ]R+ [RG ] [ qR ] (5.5-20)
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where matrix [qR ]  contains the six rigid body coordinates. The rigid body co-
ordinates can be obtained from Equation (5.5-19): 

[ qR ]=− [ M R R ]−1 [ RG ]T [ MG L ] [uL
E ]R (5.5-21)

Inserting of 

[uG
E ]M=[[uL

E ]R
[0 ] ]−[ RG ] [ M RR ] [ RG ]T [ MG L ] [uL

E ]R (5.5-22)

into the trim equation (5.5-7) yields 

[ M R R ] [aR ]−q∞ [ RG ]T [QG
K ] [uK ]= [ RG ]T ([ lG

0 ]+q∞ ([qG
0 ]+ [QG G ] [uG

E ]M )) . (5.5-23)

With the trim matrix

[T ]=[ [M R R ] −q∞ [RG ]T [QG
K ]] (5.5-24)

the trim equation reads 

[T ] [ t ]=[ RG ]T ( [ lG
0 ]+q∞ ( [qG

0 ]+ [Q GG ] [uG
E ]M )) (5.5-25)

which can be solved for six of the trim parameters.
The elastic deformation, the angle of attack and the sideslip angle depend on
the coordinate system used. All other results are independent of the coordin-
ate system.

5.6 Unsteady Aerodynamic Matrices

In the following, it is assumed that the time dependence is harmonic and de-
scribed in complex notation.
The complex normal wash is 

[W ]L=([ Dh
1 ]+2 i k [ Dh

2 ] ) [ShG ] [U G ]+([ DK
1 ]+2 i k [ DK

2 ] ) [U K ] . (5.6-1)

The reduced frequency k is defined in Section 4.1.2. Matrices [D h
1 ] , [D h

2 ]  and
[S hG ]  are defined in Section 5.1. Matrix [D K

1 ]  is defined in Section 5.2. Matrix
[D K

2 ]  computes the vertical displacements normal to the lifting surface, scaled
by the reference length  cref,  at the control points. Matrix  [U G ]  contains the
complex displacements and matrix [U K ]  the complex configuration paramet-
ers.
With the vortex strengths

[Γ̂ ]=[Cu(k) ]−1
[W ]L (5.6-2)

(cf. Equations (4.2-38) and (4.2-39)) and the aerodynamic forces at the vortex
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points

[LV
A ]L=q∞ ( [G 1 ]+i k [G2 ] ) [Γ̂ ] (5.6-3)

(cf. Equation  (4.2-43)), the aerodynamic loads on the solid model are given
by 

[LG
A ]=q∞ [ ShG ]T [ SVh ]T ( [G1 ]+i k [G2 ] ) [C (k )]−1

⋅(([ Dh
1 ]+2 i k [ Dh

2 ]) [ ShG ] [U G ]+ ([ D K
1 ]+2 i k [ DK

2 ] ) [U K ]) .
(5.6-4)

With the matrices 

[QG G (k) ]= [ ShG ]T [ SVh ]T ( [G1 ]+i k [G2 ] ) [C (k )]−1 ([D h
1 ]+2 i k [D h

2 ]) [ S hG ]
[QG

K(k) ]= [ ShG ]T [ SVh ]T ( [G1 ]+i k [G2 ] ) [C (k )]−1 ([D K
1 ]+2 i k [D K

2 ])
(5.6-5)

Equation (5.6-4) reads 

[LG
A ]=q∞ ( [QGG (k)] [U G ]+ [QG

K(k) ] [U K ] ) . (5.6-6)

5.7 Flutter Analysis

Flutter is a dynamic instability. A small perturbation of the equilibrium is in-
creased by the aerodynamic loads. This increase may or may not be limited
by nonlinear effects.
A linear flutter analysis can predict the velocity at which instability occurs, but
it can not predict whether the increase is limited or not.

5.7.1 The Flutter Equation

If there is no external excitation and damping is neglected, Equation (5.5-1)
reads 

[ M GG ] [ üG ]+ [ D GG ] [ u̇G ]+ [ K GG ] [ uG ]=[ lG
A ] . (5.7-1)

where matrix [ lG
A ]  includes the aerodynamic loads due to the elastic deforma-

tion only. Matrix [uG ]  contains the displacements relative to the static equilib-
rium. With the ansatz 

[uG (t ) ]= [U G ] eλ t (5.7-2)

the dynamic equation of the aeroelastic system reads 

(λ 2 [ MG G ]+ [ K G G ]−q∞ [QG G (λ)]) [U G ]= [0 ] . (5.7-3)

This is a nonlinear eigenvalue problem the solution of which yields the com-
plex eigenvalues  λn at which Equation  (5.7-3) has non-trivial solutions  [UGn].
Eigenvalues with a positive real part indicate instability.
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Like in modal frequency response analysis (cf. Section  2.4.2) the displace-
ments [UG] are approximated by a linear combination of eigenvectors, 

[U G ]≈ [X p ] [U ] p . (5.7-4)

The modal reduction leads to 

(λ 2 [M ] p+ [ K ] p−q∞ [Q (λ)]p ) [U ] p= [0 ] (5.7-5)

with the modal matrices

[ K ] p=[X p ]T [ K ] [X p ] , [M ] p=[X p ]T [ M ] [ X p ]
[Q (λ)] p=[ X p ]T [Q (λ) ] [X p ]

(5.7-6)

Normal modes for which 

[X p ]T [Q (λ)] [ x n ]= [0 ] (5.7-7)

are not included in the modal reduction. They are identified by inspecting the
columns of matrix 

[T ]=[X p ]T [ShG ]T [ SVh ]T ( [G1 ]+i [G 2 ] ) ([D h
1 ]+2 i [D h

2 ]) [ShG ] [X p ] . (5.7-8)

5.7.2 The k-Method

In the k-method, an additional term is added to Equation (5.7-5) such that the
eigenvalues are purely imaginary. With λ= iω the modified equation reads 

(−ω2 [ M ] p−q∞ [Q (iω)]p+(1+i γ) [K ] p ) [U ] p= [0 ] . (5.7-9)

The factor γ can be interpreted as a structural loss factor. For γ < 0 energy is
added to the system and for γ > 0 energy is extracted.
The factor γ is part of the solution. The system is stable for γ < 0 and unstable
for γ > 0.
With ω=2 v∞ k /c ref  and q∞=ρv∞

2 /2 , Equation (5.7-9) reads 

([ K ] p−
v∞

2

1+i γ (4 k 2

c ref
2 [M ] p+

ρ
2 [Q(k)] p)) [U ] p=[ 0 ] . (5.7-10)

For given values of  k and  ρ, this is a linear eigenvalue problem with eigen-
value 

μ= v∞
2

1+i γ . (5.7-11)

The GNU Octave function eig is used to solve the eigenvalue problem (5.7-
10). Subsequently, the velocity and the loss factor can be computed from 
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γ=−
ℑ(μ)
ℜ(μ)

(5.7-12)

and 

v∞=√ℜ2(μ)+ℑ2(μ)
ℜ(μ)

. (5.7-13)

The structural loss factor can be plotted versus the reduced frequency  k or
versus the velocity v∞ to find the zero crossings indicating the transition from
stable to unstable or from unstable to stable.
For each reduced frequency, the solution of the eigenvalue problem yields p
eigenvalues where  p is the number of normal modes used in the modal re-
duction. To decide to which curve the different values belong, mode tracking
is performed using the MAC values of the complex eigenvectors.

5.7.3 The pk-Method

In contrast to the k-method, the pk-method processes a list of velocities. The
eigenvalue problem  (5.7-5) is transformed into an eigenvalue problem with
real matrices.
With 

[Q R(λ) ]p=ℜ [Q (λ)]p , [Q I (λ)] p=ℑ [Q (λ)]p (5.7-14)

the eigenvalue problem reads 

(λ 2 [M ] p−i q∞ [Q I (λ)]p+ [ K ] p−q∞ [QR(λ)]p ) [U ] p= [0 ] . (5.7-15)

The complex eigenvalues are 
λ n=an+iωn . (5.7-16)

Positive values of the real part an indicate instability and negative values sta-
bility. When the real part is plotted versus the velocity, the zero crossings in-
dicate transition from stability to instability or vice versa.
As the main interest is to find the zero crossings, the aerodynamic matrix is
computed for λ=iω . With i=λ/ω , which is true for a n=0 , Equation (5.7-15)
reads 

(λ2 [ M ] p−λ q∞
ω [Q I (i ω)] p+ [ K ] p−q∞ [QR (iω)]p ) [U ] p=[ 0 ] . (5.7-17)

With
 ω=2 v∞ k /c ref

the following quadratic eigenvalue problem for λ is obtained: 
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(λ 2 [M ] p−λ
q∞c ref

2v∞

1
k [Q I (k )]p+ [ K ] p−q∞ [Q R(k)] p)[U ] p= [0 ] . (5.7-18)

Finally, the substitution
[V ] p=−λ [ M ] p [U ] p

leads to the linear eigenvalue problem 

[ [0 ] p −[ M ] p
−1

[K ] p−q∞ [QR (k )]p
q∞ c ref

2 v∞

1
k [Q I (k)] p [ M ]p

−1][ [U ] p
[V ] p ]=λ [ [U ] p

[V ] p ] . (5.7-19)

This eigenvalue problem is solved for given values of v∞ and ρ (GNU Octave
function eig). The 2p eigenvalues of this real unsymmetric eigenvalue prob-
lem are either real or complex conjugate pairs.
Initial guesses of the reduced frequencies are obtained from the circular ei-
genfrequencies of the solid structure:

km
(0)=

ωm c ref

2 v∞

Subsequently, for each velocity (index n) and each flutter mode pair reques-
ted (index  m), iterations are required to match the reduced frequencies  k at
which the aerodynamic matrix is computed with the reduced frequencies ob-
tained from the eigenvalues.
The iteration steps are (iteration index l starts with l = 0):

1) Compute [Q (kmn
(l ) ) ]  and solve the eigenvalue problem (5.7-19). Sort the

eigenvalues according to ascending |ℑ(λmn
(l) )| .

2) Compute reduced frequencies from eigenvalues: kmn
(l+1)=

ℑ (λ(l ) )c ref

2 vn

3) Check convergence: |kmn
(l+1)−kmn

(l )|<ktol ?

a) If convergence has been achieved,

1. store the results and set kmn=kmn
(l+1) .

2. continue with the next pair of eigenvalues.
b) If convergence has not been achieved,

1. If l > 0, obtain an improved guess of kmn
(l+1)  from linear interpolation

or extrapolation:

m k=
kmn
(l+1)−kmn

(l )

kmn
(l )−kmn

(l−1) , kmn
(l+1)=

kmn
(l )−mk kmn

(l−1)

1−m k
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2. increment iteration index l and continue with step 1).

When the reduced frequencies of all flutter mode pairs requested at the cur-
rent velocity have converged, initial guesses for the next velocity are obtained
from

kmn+1
(0) =kmn

vn

v n+1
.

The value of the tolerance  ktol is defined in  opts.tol. The default value is
10-3.
The case k = 0 needs special consideration. With 

[S 1 ] p=[X p ]T [ ShG ]T [ SVh ]T [G1 ] , [S2 ]p= [X p ]T [ S hG ]T [ S Vh ]T [G2 ] (5.7-20)

and 

[D1 ] p=[ Dh
1 ] [ ShG ] [X p ] , [D2 ]p=2 [Dh

2 ] [ S hG ] [X p ] (5.7-21)

the modal aerodynamic matrix reads (cf. Equation (5.6-5))

[Q (k)]p=( [S1 ]p+i k [S2 ] p) [C (k)]−1 ( [D1 ]p+i k [D2 ] p )
=[S 1] p [C (k)]−1 [D 1] p−2 k2 [ S2 ]p [C (k)]−1 [D2 ]p
+i k ( [S1 ]p [C (k )]−1 [D2 ] p+ [S 2 ]p [C (k )]−1 [D1 ]p ) .

Thus, because [C(0)] is real,

lim
k→0

1
k [Q I (k)] p=[ S 1 ]p [C (0)]−1 [D 2 ]p+ [S 2 ]p [C (0)]−1 [D 1 ]p . (5.7-22)

Equation (5.7-22) is used whenever k < eps where eps is the machine preci-
sion returned by GNU Octave.

5.8 Frequency Response

The objective of a frequency response analysis is to determine the response
to a time-harmonic excitation. The excitation may be an applied load, a gust
or a prescribed motion of a control surface. Excitation by applied loads has
not yet been implemented in Mefisto. The result of a frequency response ana-
lysis are frequency dependent transfer functions. Once these transfer func-
tions are known,  it  is  easy to compute the response to arbitrary transient
gusts or control surface deflections as well as the response to atmospheric
turbulence.
The complex deformation [U G ]  due to a time-harmonic excitation is obtained
from 
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(−Ω2 [M G G ]+iΩ [DG G ]+ [ K G G ]−q∞ [QG G (k)]) [U G ]=q∞ [QG
K (k )] [U K ] (5.8-1)

where Ω is the circular excitation frequency,

k=
Ω c ref

2 v∞
(5.8-2)

is  the  reduced  frequency  (cf.  Equation  (4.2-42)),  and  the  aerodynamic
matrices [QG G (k) ]  and [QG

K(k) ]  are defined by Equation (5.6-5).

In a direct frequency response analysis, Equation (5.8-1) is solved for each
excitation frequency. In a modal frequency response analysis, the response is
approximated by a superposition of normal modes. Both methods are imple-
mented in function mfs_freqresp.
In a modal frequency response analysis, the displacements are approximated
by 

[U G ]≈[UG
p ]=∑

n=1

p

[ xn ]Q n=[X p ] [U ] p (5.8-3)

where [ xn ]  are the eigenvectors of the solid structure, the columns of matrix
[X p ]  are the first p eigenvectors, and matrix [U ] p  contains the modal coordin-
ates Qn (cf. Section 2.4.2).
The modal transformation of Equation (5.8-1) using Equation (5.8-3) yields 

(−Ω2 [ M ]p+iΩ [ D ] p+ [ K ] p−q∞ [Q(k)] p ) [U ]p=q∞ [QK (k) ]p [U K ] (5.8-4)

where 

[ M ] p=[ X p ]T [M GG ] [X p ] , [ D ] p= [X p ]T [ DGG ] [X P ] ,
[ K ] p=[X p ]T [ K G G ] [X p ] , [Q(k)] p=[ X p ]T [QG G (k) ] [X p ]

and [Q K (k )]p=[X p ]T [Q G
K (k)]

(5.8-5)

are the modal matrices. The modal mass, damping and stiffness matrices are
diagonal matrices but the modal aerodynamic stiffness matrix is not. Thus,
the equations are always coupled.
The modal displacements [U ] p  can be obtained by solving Equation (5.8-4)
for each excitation frequency. Subsequently, the approximate displacements
[U G

p ]  can be computed from Equation (5.8-3).

In the  force summation method, inertia, damping and aeroelastic loads are
computed from the approximate displacements. Improved displacements are
obtained by solving

[ K G G ] [U G ]=q∞ ([QG
K (k )] [U K ]+ [QG G (k )] [U G

p ])+(Ω2 [ M G G ]−iΩ [ DG G ] ) [U G
p ] (5.8-6)
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These  displacements  include  the  quasi-static  response  of  the  neglected
modes and thus give better results for strains and all other responses com-
puted from the strains.
Because the aircraft has rigid body modes, the solution of Equation (5.8-6) is
not unique. A unique elastic deformation [U G

E ]  can be obtained by the addi-
tional constraint 

[ RG ]T [ M G G ] [U G
E ]=0 (5.8-7)

where matrix  [RG ]  contains the six basic rigid body motions. Because the
elastic modes are mass orthogonal with respect to the rigid body modes, the
elastic deformation is the superposition of the response of the elastic modes.
The absolute deformation is  obtained by adding the response of  the rigid
body modes. Stresses, strains and stress resultants depend on the elastic de-
formation only.

5.8.1 Gusts

In a coordinate system that is attached to the earth, a one-dimensional gust is
described by a vertical velocity wG(xE), see Figure 5.8-1. In a coordinate sys-
tem that is attached to the aircraft, 

x E (x , t )=x 0+v∞ t−x (5.8-8)

where v∞ is the velocity of the aircraft and x 0=xE (0)  is the position of the ori-
gin O of the coordinate system attached to the aircraft at the time t = 0. Thus,
in the coordinate system attached to the aircraft, the gust velocity is 

wG ( x , t )=wG( x0+v∞ t−x) . (5.8-9)
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In the earth-fixed coordinate system, a harmonic gust is described by 

wG ( x E)=wG ℜ (e2πi x E /λ ) (5.8-10)

where wG is the real amplitude of the gust and λ the wave length. Inserting of
Equation (5.8-8) into Equation (5.8-10) leads to the following equation for the
gust velocity in the aircraft-fixed coordinate system: 

wG ( x , t )=wG ℜ (e2πi ( x0−x)/λ e2π i v∞ t /λ ) (5.8-11)

With the circular frequency 

Ω=2π v∞
λ (5.8-12)

Equation (5.8-11) reads 

wG ( x , t )=wG ℜ (ei Ω(x 0−x) /v∞ ei Ω t ) . (5.8-13)

The gust induces a change of the local angle of attack 

Δα(x , t )=ℜ (Δ α̂ (x )e iΩ t )=wG( x , t )
v∞

=
wG

v∞
ℜ ( ei Ω(x 0−x )/v∞ ei Ωt ) , (5.8-14)

i.e. the complex amplitude of the incremental angle of attack reads 

Δ α̂ (x )=
wG

v∞
ei Ω(x 0−x )/v∞ . (5.8-15)

The normal wash at the control points is 

[W G ]L=−[ e iΩ(x 0−x1)/v∞ez⋅n1
⋮

ei Ω(x 0−x N )/v∞ez⋅nN ]wG

v∞
(5.8-16)

 (cf. Section 5.2). A comparison with Equation (5.6-1) shows that for gusts, 

[D K
1 ]=−[ ei Ω(x 0−x 1)/v∞ ez⋅n1

⋮
e iΩ(x0−x N )/v∞ez⋅nN ] , [D K

2 ]=[0 ] , [U K ]=[wG

v∞
] . (5.8-17)

With these relations, matrix [QG
K ]  can be computed from Equation (5.6-5).

5.8.2 Manoeuvres

In the local coordinate system of a lifting surface, the change of the camber
due to a flap motion reads (cf. Figure 5.8-2) 

Δ ζS ( x , yL , t )=−η(t )( x−x0) , x0≤x≤c . (5.8-18)
The normal wash is 
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w=Δ ζ̇S+v∞
∂Δ ζS

∂ x =−η̇( x−x 0)−v∞η , x0≤x≤c . (5.8-19)

If the flap motion is time-harmonic, 

η( t )=ℜ (η̂ei Ω t ) , (5.8-20)

the normal wash is time-harmonic, too,
W=−iΩη̂(x−x 0)−v∞ η̂ , (5.8-21)

where η̂  is the complex amplitude of the flap angle, W is the complex amp-
litude of the normal wash and Ω is the circular frequency of the harmonic flap
motion. With the reduced frequency k, the normal wash divided by the flight
velocity reads 

W
v∞

=−(1+2 i k
x−x0
c ref )η̂ (5.8-22)

With 

[U K ]=[ η̂1 ⋯ η̂K ]T (5.8-23)

matrix [D K
1 ]  reads 

[D K
1 ]=−[0 ⋯ 0 ⋯ 0

⋮ ⋱ ⋮ ⋱ ⋮
0 ⋯ 1 ⋯ 0
⋮ ⋱ ⋮ ⋱ ⋮
0 ⋯ 0 ⋯ 0 ] . (5.8-24)

Each column corresponds to one control surface. All elements of a column
are zero except those that correspond to control points on that control sur-
face. These elements are one.

Likewise, matrix [D K
2 ]  reads 
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[D K
2 ]=− 2

c ref [0 ⋯ 0 ⋯ 0
⋮ ⋱ ⋮ ⋱ ⋮
0 ⋯ x n−x0 ⋯ 0
⋮ ⋱ ⋮ ⋱ ⋮
0 ⋯ 0 ⋯ 0 ] (5.8-25)

where xn are the x-coordinates of the control points on the control surfaces.
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