Starrkorperdynamik Losungsblatt 5.1

Aufgabe 1:
Die Standardform des Anfangswertproblems ist
, J,—J
w, = ZJ 3(’02003 fl(w1:w2:w3>
1
. J3_J1
w, = 7 wyw; = fh(w,, w,, w,)
2
J,—J
w; = - zwlwz fi(w;, w,, w,)

In Octave steht mit der Funktion | sode ein leistungsfahiges implizites Ver-
fahren zur numerischen Integration von Differenzialgleichungssystemen zur
Verfugung. Zur effizienten Losung des dabei auftretenden Gleichungssys-

tems wird neben der Funktion
fl(wl’w2’w3)
[f(wlrwz)ws)]: frlw,,w,, w;)

f3(('01:002:('03)

auch die Jacobi-Matrix

of, ofy 9f,

ow, Jw, 0JOw;

0 0 0

(g 00)= aiz aiz aiz
1 2 3

0fs 0fs 9f;

ow, 0w, 0w,

bendtigt.

Die Elemente der Jacobi-Matrix berechnen sich wie folgt:

afl_o afl_Jz_Js 8f1_J2—J3
=Y, = W3, = W,
ow, 0w, J, ow, J,
afzzja_*]lw afzz 5f2:J3—J1
ow, J, ¥ ow,  Ow, J, 1

afS_Jl_J2 8f3_J1—J2 @f3_
= 5 = w,, —=0
ow, J, 0w, J, 0w,
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Programmcode fur Octave:

# Uebungshbl at t

gl obal J;

5.1, Aufgabe 1:

Kr ei sel gl ei chungen

# Massentraeghei t snonent e

J = [ 1500,
# Zeitraum
to0

tE
N

0; % Anfang
100; % Ende
1000; 9% Anzah

t = linspace(t0, tE,

# Krei sel gl ei chungen

functiony = f(x, t)
gl obal J;
y(1) = (J3(2) -
y(2) = (3(3) -
y(3) = (J(1) -
endf uncti on

# Jacobi -Matri x

J(3))
J(1))
J(2))

1000, 500];

der Zeitschritte

N+ 1);

* x(2)
* x(3)
* x(1)

* x(3) 1/ J(1);
* x(1) 1/ J(2);
* x(2) 1 I(3);

function detJ = df (x, t)

gl obal J;

J23 (J(2) -
J31 (J(3) -
J12 (J(1)
detJ(1, 1)
detJ(1, 2)
detJ(1, 3)
detJ(2, 1)
detJ(2, 2)
detJ(2, 3)
detJ(3, 1)
detJ(3, 2)
detJ(3, 3)

endf unct i on

0

J3
O.

J3
0;

fcn = {"f"; "df"};

set (0, "defaultlinel

# Fall 1: onegaO0l =1
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123 *
323 *

J31 *
J31 *

J(3)) /[ JI(1);
J(1)) 7 3(2);
J(2)) 1 3(3);

X(3);
X(2);
* x(3);

x(1);

x(2);
* x(1);

i newi dth", 2);
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x = zeros(N + 1, 3);
x = | sode(fcn, x0, t);
figure(l, "position", [100, 1100, 1000, 700],
"paperposition", [0, O, 5 3]);
plot(t, x(:, 1), "color", "red",
t, x(:, 2), "color", "green"
t, x(:, 3), "color", "blue");
| egend("onegal”, "omega2", "onega3");
grid("on");
x|l abel ("t [s]");
yl abel ("omega [1/s]");
title("onegal = 1");
print("u5_1 la.png", "-dpng");
# Fall 2: onmega02 =1
x0 = [ 0.01, 1.00, 0.01];
x = zeros(N + 1, 3);
x = | sode(fcn, x0, t);
figure(2, "position", [1100, 1100, 1000, 700],
"paperposition”, [0, O, 5, 3]);
plot(t, x(:, 1), "color", "red",
t, x(:, 2), "color", "green"
t, x(:, 3), "color", "blue");
| egend("onegal”, "onega2", "onega3");
grid("on");
xl abel ("t [s]");
yl abel ("omega [1/s]");
title("onega2 = 1");
print("u5_ 1 1b.png", "-dpng");
# Fall 3: onega03 =1
x0 = [ 0.01, 0.01, 1.00];
x = zeros(N + 1, 3);
X = I sode(fcn, x0, t);
figure(3, "position", [100, 100, 1000, 700],

" paper posi tion",
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plot(t, x(:, 1), "color", "red",
t, x(:, 2), "color", "green"
t, x(:, 3), "color", "blue");

| egend("onegal”, "onega2", "onega3");
grid("on");

xl abel ("t [s]");

yl abel ("onega [1/s]");

title("onega3d = 1");

print("u5 1 1c.png", "-dpng");

a) Ergebnisse fur Drehung um die 1. Hauptachse:

onegal = 1

onegal
onegaz2
onegal
1.2 4
1
8.8 4
-
W
~
—
.
o 8.6 - b
X
[
£
=
8.4 - b
8.2 - 4
L e e - e e R R e
-8,2 I I I 1
a 28 48 68 8a 168

t [=]
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b) Ergebnisse fur Drehung um die 2. Hauptachse:

onega2 = 1

onegal
onegaz
onegal

onega [1/s]

a 29 48 60 Fil:] 188
t [=]

c) Ergebnisse fur Drehung um die 3. Hauptachse:

onega3 = 1

onegal
onegaz2
onegal

onega [1/s]

o e O e e e T e e O T e R e T e T i

a 29 48 60 Fil:] 188
t [=]

Aufgabe 2:

Winkelgeschwindigkeiten und Euler-Winkel ergeben sich aus der numeri-
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schen Losung des Differenzialgleichungssystems

| 1
Jy—J,
| . 7, W, W3
W, | [filw,wy,w;5,$,0,p) ‘]3_le w
W,| [fo(w,w,, w;, $,0,p) J,
(b3:f3(w1’w2’w3’¢’e’q}): Ji—J,
b falw, 0y, 0;5,4,0,p) 3 s
01 [f5(w,w,, w5, b,0,y) w, +sin (¢p)tan (0)w,+cos (¢ )tan (0) w,
,w, If%“”p“%’uh’¢»9:¢)l cos () w,—sin () w;
(ﬁn(¢)u5+coshbﬁnJ
| cos(0) |

Anschliel3end konnen die Komponenten des Drallvektors berechnet werden.
Im korperfesten Koordinatensystem gilt

L, J w,
[L]B: Lz = szz
Ly| |J504

Die Umrechnung auf das ortsfeste Koordinatensystem erfolgt mit der Trans-
formationsmatrix

cos(0)cos(y) sin(d)sin(0)cos(w)—cos(d)sin(p) cos(p)sin(0)cos(y)+sin(p)sin(y)
[T |p5=|cos(0)sin(y) sin(d)sin(0)sin(y)+cos(db)cos(w) cos(db)sin(0)sin(w)—sin(d)cos(w) ,
—sin(0) sin(¢)cos(0) cos (¢ )cos(0)

die zu jedem Zeitpunkt aus den Euler-Winkeln berechnet werden kann. Die
Transformation lautet

[LIOZ[TIOB{L]B .

Ebenso lassen sich die Koordinaten der Punkte P;, P, und P; im ortsfesten
Koordinatensystem ermitteln. FUr die gegebenen Koordinaten entsprechen
die Koordinaten der Punkte gerade der ersten, zweiten und dritten Spalte der
Transformationsmatrix.

Programmcode fur Octave:

# Uebungsbl att 5.1, Aufgabe 2: Kreiselgleichungen
#

# Es werden auch di e Eul er-Wnkel berechnet:

# x(1) - x(3) Wnkel geschwi ndi gkeiten

# x(4) - x(6) Euler-Wnkel phi, theta, psi

#

H
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gl obal J;

# Massent raeghei t smonent e
J = [ 1500, 1000, 500];
# Zeitraum
t0 = 0; % Anf ang
tE = 50; % Ende
N = 1000; % Anzahl der Zeitschritte
t = linspace(t0, tE, N+ 1);
# Krei sel gl ei chungen und Ki nemati k
functiony = f(x, t)
gl obal J;
y(1) = (3(2) - J(3)) * x(2) * x(3) / I(1);
y(2) = (3(3) - J(1)) * x(3) * x(1) / I(2);
y(3) = (J(1) - J(2)) * x(1) * x(2) [ I(3);
sphi = sin(x(4));
cphi = cos(x(4));
cth = cos(x(5));
tth = tan(x(5));
y(4) = x(1) + (sphi * x(2) + cphi * x(3)) * tth;
y(5) = cphi * x(2) - sphi * x(3);
y(6) = (sphi * x(2) + cphi * x(3)) / cth;
endf unction
fcn = "f"
set (0, "defaultlinelinewdth", 2);
# Fall 1: onega0l =1
b5l Cccococoocococoocoooooc
x0 = [ 1.00, 0.01, 0.01, 0O, O, O];
X = zeros(N + 1, 6);
x = |l sode(fcn, x0, t);
X(:, 4:6) =remx(:, 4:6), 2 * pi);
figure(1l, "position", [100, 1100, 1000, 700],
"paperposition", [0, O, 5 3]);
plot(t, x(:, 1), "color", "red",
t, x(:, 2), "color", "green"
t, x(:, 3), "color", "blue");
| egend("onegal”, "omega2", "onega3");
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grid("on");

x|l abel ("t [s]");

yl abel ("omega [1/s]");
title("onegal = 1");

print("u5_1 2al.png", "-dpng");

figure(2, "position", [100, 1100, 1000, 700],
"paperposition", [0, O, 5 3]);

plot(t, x(:, 4), "color", "red",
t, x(:, 5), "color", "green"
t, x(:, 6), "color", "blue");
| egend("phi ", "theta", "psi");
grid("on");

xl abel ("t [s]");

yl abel ("W nkel [rad]");

title("onegal = 1");

print("u5_1 2a2.png", "-dpng");
# Drall imkoerperfesten System

LB = diag(J) * x(:, 1:3)';

# Drall imraunfesten System und Bahnen der Punkte

for k =1: N+ 1;
TEB = eul mat (x(k, 4), x(k, 5), x(k, 6));

LO(:, k) = TEB * LB(:, k);
P1(1:3, k) = TEB(:, 1);
P2(1:3, k) = TEB(:, 2);
P3(1:3, k) = TEB(:, 3);

endf or

figure(3, "position", [100, 1100, 1000, 700],
"paperposition”, [0, O, 5, 3]);

plot(t, LO(1, :), "color", "red"
t, LQ(2, :), "color", "green",
t, LQ(3, :), "color", "blue");
Iegend("LCk", "LOy", "LQOz");
grid("on");

x| abel ("t [s]");

ylabel( LO[kg nmt2 / s]");
title("onegal = 1");

print("u5_1 2a3.png", "-dpng");

figure(4, "position", [100, 1100, 1000, 700],
"paperposition”, [0, 0, 4.5, 3]);
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plot3(P1(1, :), P1(2, :), P1(3, :), "color", "red",
P2(1, :), P2(2, :), P2(3, :), "color", "green",
P3(1, :), P3(2, :), P3(3, :), "color", "blue");
| egend("P1", "P2", "P3");
vi em( 40, 30);
grid("on");
x|l abel ("x");
yl abel ("y");
zl abel ("z");
title("onegal = 1");
print("u5_1 2a4.png", "-dpng");
# Fall 2: onmega02 =1
bff Cccccoocoococoocooocooc
x0 = 0.01, 1.00, 0.01, O, O, O];
X = zeros(N + 1, 6);
x = Il sode(fcn, x0, t);
X(:, 4:6) =remx(:, 4:6), 2 * pi);
figure(5, "position", [100, 1100, 1000, 700],
“paperposition”, [0, O, 5, 3]);
plot(t, x(:, 1), "color", "red",
t, x(:, 2), "color", "green"
t, x(:, 3), "color", "blue");
| egend("onegal”, "onega2", "onega3");
grid("on");
x|l abel ("t [s]");
yl abel ("onmega [1/s]");
title("omega2 = 1");
print("u5_1_2bl.png", "-dpng");
figure(6, "position", [100, 1100, 1000, 700],
“paperposition”, [0, O, 5, 3]);
plot(t, x(:, 4), "color", "red",
t, x(:, 5), "color", "green"
t, x(:, 6), "color", "blue");
| egend("phi", "theta", "psi");
grid("on");
x|l abel ("t [s]");
yl abel ("W nkel [rad]");
title("onega2 = 1");
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print("u5_1 2b2.png", "-dpng");
# Drall imkoerperfesten System

LB = diag(J) * x(:, 1:3)'

# Drall imraunfesten System und Bahnen der Punkte

for k =1 : N+ 1;
TEB = eul mat (x(k, 4), x(k, 5), x(k, 6));

LO(:, k) = TEB * LB(:, k);
P1(1:3, k) = TEB(:, 1);
P2(1:3, k) = TEB(:, 2);
P3(1:3, k) = TEB(:, 3);

endf or

figure(7, "position", [100, 1100, 1000, 700],

“paperposition”, [0, O, 5, 3]);

plot(t, LO(1, :), "color", "red"
t, LQ(2, :), "color", "green",
t, L3, :), "color", "blue");

| egend("LOX", "LOy", "LOz");
grid("on");

xl abel ("t [s]");

yl abel ("LO [kg nt2 / s]");
title("onega2 = 1");

print("u5_1 2b3.png", "-dpng");

figure(8, "position", [100, 1100, 1000, 700],

"paperposition", [0, O, 4.5, 3]);

plot3(P1(1, :), P1(2, :), P1(3, :), "color",
P2(1, :), P2(2, :), P2(3, :), "color",
P3(1, :), P3(2, :), P3(3, :), "color",

| egend(" P1", "P2", "P3");
grid("on");

vi ew( 40, 30);

x| abel ("x");

yl abel ("y");

zl abel ("z");

title("onega2 = 1");
print("u5_1_2b4.png", "-dpng");

a) Winkelgeschwindigkeiten:

Fall 1:
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onegal = 1

194 T T T T
onegal
onegaz
onegal
1.2 4
1
a.8 4
“
-~
—
= - -
o 8.6
-x
&
£
=
8.4 T
8.2 4
[ i e e O i T e e S e S e =
-a8.2 I I I 1
a 18 28 38 48 58
t [=]
Fall 2:
onega2 = 1
1.5 T T T
onegal
onega2
onegald

onega [1/s]

a 18 28 38 48 a8
t [=1]

b) Euler-Winkel:
Fall 1:
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onegal = 1

8
T T T T Phi
theta
psi
B_
5 4r 1
]
&
-
o
k=
=
¥ oz i
a
- i i i 1
a 18 28 38 48 50
t [=]
Fall 2:
onega2 = 1
8
T T T T Phi
theta
psi
B_
= 4r
]
L
—
o
-
=
2 2f
a
- i i i 1
a 18 28 38 48 a8

t [=1]

c) Komponenten des Drallvektors:

Fall 1:
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onegal = 1

2080 T T T T
LOx
LOy
L0z
1588
"a
~
o™
<
£ 1888 B
%
R
.
=]
-
hea B
8 H
a 18 28 38 48 58
t [=]
Fall 2:
onega2 = 1
12808 T T T T
LOx
LOy
LOz
1888
808 - B
-
W
-~
S
£ 688 4
X
=
.
=]
-
488 - 4
288 B
a
a 18 28 38 48 o8

t [=1]

In beiden Fallen sind die Komponenten des Drallvektors im ortsfesten Koordi-
natensystem zeitlich konstant, wie es der Drallsatz erfordert.
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d) Bahnen der Punkte:
Fall 1:

onegal = 1

Fall 2:

onega2 = 1
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